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iAbstract
We construct some new theoretical frameworks to describe the properties of nuclear
matter with a realistic nucleon-nucleon (NN) interaction in this thesis. It is important to
treat the short range repulsion and strong tensor interaction in the intermediate distance of
the realistic NN interaction properly in many-body theory. To achieve this goal, we study
rst the role of form factors, which is an indispensable quantity in the realistic NN interaction,
in nuclear matter with relativistic Hartree-Fock (RHF) model. For a quantitative account of
nuclear matter, we adopt a phenomenological one-boson-exchange interaction to study the
eect of the form factor. We nd that the NN interactions are suppressed largely at high
momentum region by the form factor.
Next, we study neutron-rich matter in the RHF model with a realistic nucleon-nucleon
interaction. It is well known that the tensor interaction contributes very little to neutron-
rich matter. Hence, we take into account only the short range correlation in terms of two
powerful tools, the unitary correlation operator method (UCOM) and the Jastrow function
method. We nd that the equations of state (EOS) of neutron-rich matter in our calculations
are consistent with those given by a microscopic model, relativistic Brueckner-Hartree-Fock
(RBHF) model. However, the case in symmetric nuclear matter is largely dierent from
the results given by the RBHF model particularly in the low density region. This is caused
by the lack of the tensor interaction in the Hartree-Fock approximation, which plays an
important role in the saturation mechanism of symmetric nuclear matter.
Finally, we compose of traditional Hartree-Fock states and 2-particle-2-hole (2p-2h) states
as the nuclear wave function. The strong tensor force and short range correlation of central
force can be properly treated by including the 2p-2h states. The content of the 2p-2h states
and the wave function of the single particle states are determined by the variational principle
for the total energy. We can then extract an eective NN interaction from the equation of
motion for the single particle state. This eective interaction has a similar structure to
that of the G-matrix interaction in the Brueckner-Hartree-Fock theory, and the above two
important characters are properly taken into account. We call our new theoretical framework
as an extended Brueckner-Hartree-Fock (EBHF) theory. Using this new framework, we rst
work out the EOS of the symmetric nuclear matter with the Bonn potential as a realistic
NN interaction in a non-relativistic framework. In low density region, the binding energies
of the nuclear matter are very similar to those given by the Brueckner-Hartree-Fock theory.
As the density increases, more repulsion is obtained due to the 2p-2h correlation in the
kinetic energy. It turns out that this additional repulsive energy can improve the saturation
properties of nuclear matter signicantly, which has never been achieved previously. Next
we apply the EBHF theory in a relativistic framework, where we nd that the saturation
properties are nicely reproduced consistently with the empirical data. The neutron matter
ii
is also calculated with dierent Bonn potentials. We discuss the role of the tensor force in
those nuclear matter properties.
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Chapter 1
Introduction
1.1 Nuclear matter
Nuclear matter is an innite uniform system of nucleons interacting through the strong
interaction without electromagnetic force. This many-body system is characterized by its
energy per nucleon as a function of the nucleon density and temperatures. In this thesis,
we concentrate the zero temperature case. The nuclear matter system was often called
'hypothetical', because any real nucleus has far from innite matter with innite radius.
Where can we nd a sample of innite nuclear matter to obtain experimental values for
its energy density and other properties? One possibility is to look at the so-called neutron
stars, which are in all likelihood candidates for a physical realization of nuclear matter. But
very little information are available about the microscopic properties at individual nucleon
level from the bulk properties of neutron stars. The hypothetical system is also supposed to
approximate the interior of heavy nuclei. We can extract some properties of innite nuclear
matter from the large real nuclei, for instance, the saturation properties of innite nuclear
matter with the same neutron and proton densities, which is called 'symmetric nuclear
matter'.
The semi-empirical Bethe-Weizacker mass formula of nite nuclei provides a value on
the minimum of binding energy, the saturation point of nuclear matter via its volume term
[1]. According to the liquid drop model, the Bethe-Weizacker mass formula for nucleus
including A nucleons with Z protons and N neutrons reproduces quite well the experimental
binding energies, which can be written as an expansion in N;Z and a asymmetry factor
I = (N   Z)=A,
E
A
= av + asA
 1=3 + acoulZ2A 4=3 + aII2 + (A;Z): (1.1)
The rst term on the r.h.s is known as the volume term, which is the largest one in the
expansion and represents the energy in the bulk limit of symmetric nuclear matter (I = 0).
1
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The second term, asA
 1=3 is associated with the surface eect, which is negligible in nuclear
matter. Next, acoulZ
2A 4=3 is caused by the electrostatic repulsion between protons. The
term aII
2 is related with the asymmetric factor I and tends to reduce the binding energy
because the like-nucleon interactions are less attractive than the neutron-proton (unlike)
interactions. The aI is also named as symmetric energy, aasy in nuclear matter. The last
term (A;Z) is known as caused by the pairing eect. The energy per particle at saturation
density corresponds the volume term, av, of the semi-empirical mass formula. Hence, we get
E
A
=  16 1 MeV; (1.2)
by using binding energies of about 3100 (A > 10) nuclei [3].
There is a minimal energy at the equilibrium density for nuclear matter, which is also
called as the saturation density, 0. It is related with the nuclear radius constant r0, dened
as 0 = 3=(4r
3
0). This quantity can be extracted from the measured nuclear central density
c. In the case of muonic atom spectroscopy, the measured nuclear charge distribution is
parameterized by [2],
c(r) =
A
1 + (r C)=a
; (1.3)
for spherical nuclei, where C is the model parameters, A is the normalization constant, and
a is the nuclear surface diuseness. Furthermore, the nuclear half density radius C, in the
Fermi distribution, can be written by the nuclear equivalent sharp radius R as,
C = R

1  1
3
a
R
2
; (1.4)
and the equivalent sharp radius can be expressed as
R = r0A
1=3: (1.5)
Through the above equations, we can relate the nuclear radius constant r0 with charge
density distribution c. The tted r0 is
r0 = 1:14 0:02fm 1 : (1.6)
Hence, the saturation density is
0 = 0:16 0:01fm 3: (1.7)
Another frequently used parameter related with the particle density is the Fermi momen-
tum kF which is dened by
 = 
k3F
32
; (1.8)
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where  is the isospin factor.  = 2 represents the symmetric nuclear matter, while  = 1
for pure neutron matter. The equilibrium value of Fermi momentum corresponding to the
above given 0 is
k0F = 1:35 0:05 fm 1 = 265 10 MeV: (1.9)
for symmetric nuclear matter.
The nuclear matter also can be considered as a uid. Two thermodynamical quantities
are very important in the properties of nuclear matter. One is the pressure, which is dened
as,
P =  @E
@V

A
= 2
@E
A
()
@

A
(1.10)
This pressure must be equal to zero at the saturation point to satisfy the following equation
for the equilibrium density 0:
P = 20
"
@E
A
()
@
#
=0
= 0: (1.11)
The other one is the incompressibility or compression modulus K, which is written as,
K = 9
@P
@
=
18P

+ 92
@2E
A
()
@2
: (1.12)
At the equilibrium density 0, i.e. at zero pressure, the rst term on the r.h.s vanishes and
this incompressibility becomes,
K = 920
@2E
A
()
@2

=0
= k2F
@2E
A
(kF )
@k2F
(1.13)
The best way to estimate this quantity from experiment comes from the analysis of isoscalar
giant monopole resonance (ISGMR) in heavy nuclei [4]. However, the value of incompress-
ibility is strongly dependent on models. The results from the non-relativistic models, such
as Skyrme and Gogny calculations about 208Pb [5] tend to provide a value of K around
K = 220  235 MeV: (1.14)
However, the results from relativistic mean eld calculations about 208Pb [6] tend to provide
a larger value of K,
K = 250  270 MeV: (1.15)
We would like to show Fig.1 of Ref.[5] to explain this situation more explicitly in Fig.1.1.
The monopole energy and incompressibility satisfy a linear relation [4]. The ordinate of this
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gure is the monopole energy of 208Pb, while the abscissa is the incompressibility. The two
inclined lines are numerical interpolations about the monopole energy and incompressibility
from Skyrme and RMF models. The horizontal line is the experimental data on the monopole
energy which is about 14.2 MeV. Then, we see in this gure that the incompressibility
extracted from the RMF model is larger than the one from Skyrm model.
Figure 1.1: The monopole energies in 208Pb calculated with the Skyrme and RMF models as a
function of K of these models. The lines denote interpolations of the results of various models.
The values of K deduced from the experimental monopole energy are also displayed. The copyright
of this gure belongs Ref.[5].
The study of asymmetric matter(N 6= Z) gives some information about the symmetric
energy, aasy, as mentioned above. The coecient is given by Moller et al. from their analysis
of experimental data [7],
aasy = 32:5 0:5 MeV: (1.16)
Therefore, to derive the energy per nucleon as a function of nucleon density for nuclear
matter, which is also called as equation of state (EOS), ve constraints should be taken into
account:
1. The equilibrium density 0;
2. The energy per nucleon at equilibrium density E=A(0) ;
3. The incompressibility at equilibrium density K ;
4. The symmetry energy at equilibrium density aasy;
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5. The eective nucleon mass at equilibrium density MN .
The last constraint is caused by the medium eect of many-body system. The eective mass
for nucleon, MN , is about 0:6MN  0:7MN , where MN is the free nucleon mass. The aim of
nuclear matter theory is to give the explanation of these empirical properties microscopically.
Historically, Hans Euler calculated the EOS of nuclear matter with an attractive potential
of Gaussian shape in second-order perturbation theory [8]. Modern studies started in the
early 1950's after a strong repulsive core in the short range region for the nucleon-nucleon
(NN) interaction had been studies by Jastrow [9]. These realistic singular NN interactions
could not be described by a perturbation theory any more. Therefore, the special microscopic
methods had to be developed with realistic NN interaction, which was obtained by tting
the NN scattering phase shift. From the mid-1950's, Brueckner et al. began to introduce
the hole-line expansion method and used the G-matrix instead of the bare NN interaction to
treat the short range correlation [10]. This method is extended to the relativistic Brueckner
Hartree-Fock (RBHF) theory by Brockmann and Machleidt for nuclear matter with Bonn
potential [11]. It was the rst time to give reasonable saturation properties of symmetric
nuclear matter from the microscopic approach. This result illuminates that the relativistic
eect is very important in the many-body calculation which provides the repulsive contri-
bution in nuclear matter at high density.
Almost at the same time, another method was formulated to treat the short range cor-
relation through the correlated wave function with variational approach by Jastrow [12].
However, the complexity of this problem that exists, when spin, isospin, tensor, and spin-
orbit correlation are included, was considered dicult for nuclear physicists in the 1950's.
Then Pandharipande et al. pursued this method as a variational chain summation (VCS)
approach, based on hyper-netted chain-summation techniques in nuclear matter system in
1970's [13]. Recently, Akmal et al. used this method and a realistic NN interaction as the
Argonne V18 potential, which excellently ts the NN scattering data, to obtain the EOS of
symmetric nuclear matter and neutron matter [14]. These EOSs are in accordance with the
constraint by the experimental data of heavy ion collision [15].
On the other hand, at the beginning of 1970's, phenomenological models with a param-
eterized eective interaction were applied to describe the nuclear matter system. In non-
relativistic approach, the most famous eective nucleon-nucleon interaction is the Skyrme
type which was performed by Vautherin and Brink [16]. The parameters of Skyrme NN
interaction are obtained by tting the self-consistent mean-eld Hartree-Fock results to the
experimental data on the ground state properties, such as charge radii and binding energies
of a few closed shell nuclei. Now, many dierent parameterizations of the Skyrme interaction
have been proposed to better reproduce data on nuclear masses, radii and other quantities
[17]. The advantage of eective Skyrme interaction is due to its simple expression in terms of
the (~r1 ~r2) interaction, which makes the calculations in the Hartree-Fock mean-led much
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simpler. However, Skyrme Hartree-Fock theory can not explain some relativistic phenomena,
such as the pseudospin symmetry in nite nuclei [18].
These problems can be explained very well in the relativistic mean eld (RMF) model,
which uses an eective NN interaction through the exchange of mesons. The proposal of
RMF model was made by Johnson and Teller [19], and Duerr [20] in 1950's. It was calculated
self-consistently by Walecka [21]. Its original version is just based on the nucleons, scalar and
vector mesons. These two mesons provide attractive and repulsive interactions. Furthermore,
to take the isospin eect into account, an isovector meson was introduced in the form of the
rho meson exchange. Later Boguta and Bodmer proposed self-interaction terms of scalar
meson eld [22]. The properties of nuclear matter in RMF model were largely improved. In
order to reproduce the density dependence of the vector and scalar potential of the RBHF
calculations, the nonlinear self-coupling of the vector meson was found to be necessary [23].
With various versions of the nonlinear self-couplings of meson elds, the RMF theory has
been used to describe the nuclear matter in the low density and lots of nuclear phenomena
of nite nuclei during the past years with great success.
Although these eective NN interaction can give very good saturation properties of nu-
clear matter, their behaviors of symmetric nuclear matter at high density and neutron matter
are completely dierent [24]. This arbitrary result does not benet of the prediction about
the neutron star which corresponds the extreme case of nuclear matter with very high den-
sity and in a neutron-rich environment. It is better to deal with nuclear matter from the
microscopic method with realistic NN interaction to reduce uncertainties in the calculation
process.
1.2 Nucleon-Nucleon interaction
The interaction between two nucleons is fundamental for all of nuclear physics. One of
purposes of nuclear physics is to reproduce the properties of nuclear matter and nite nuclei
in terms of the realistic nucleon-nucleon (NN) interaction. With the appearance of quantum
chromodynamics (QCD), we are aware of the fact that the NN interaction is not fundamental.
However, due to the non-perturbation character of QCD in the low-energy regime, we are
still far from a quantitative description of the NN interaction from QCD.
The theoretical description of the NN interaction was rst attempted by Yukawa in 1935
[25]. He made the hypothesis that nucleons interact through the exchange of a massive
particle in analogy to the photon in QED (quantum electrodynamics). Yukawa's idea has
been successfully implemented by identifying the exchanged particle with pion discovered in
1947, whose mass is about 140 MeV. Whereafter, Taketani et al. proposed to separate the
range of NN interaction into three regions [26]. They distinguished a long-range (r  2 fm;
r is the distance between the center of two nucleons), an intermediate range (1 fm  r  2
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fm) and a core (r  1 fm) region. The long range region is dominated by one-pion exchange.
The two-pion exchange is most important, although heavier meson exchange (like !) also
becomes relevant in the intermediate range. Finally, the quark dynamics will inuence the
core region [27, 28].
However the multi-pion exchange theory of NN interaction could not do well in compar-
ison with experimental data. In particular, it is impossible to derive a suciently strong
spin-obit force from 2 exchange [29]. The one-boson-exchange (OBE) model was advanced
in 1960's with the experimental discovery of heavy mesons [30]. The basic assumption of
the OBE model was that multi-pion exchange could be denoted by the exchange of ap-
propriate multi-pion resonances. Today, this model is still an economical and quantitative
phenomenology for describing the NN interaction, such as the Bonn potential [31].
Recently, these successful descriptions of the NN interaction encouraged a birth of a new
generation of realistic semi-phenomenological NN models, so called high-precision potentials,
which t NN scattering data (4000 data points corresponding to energies up to 350 MeV
in the lab frame) with 2=Ndata  1, such as Reid93 potential [32], Argonne V18 potential
[33] and CD-Bonn potential [34]. All these potentials are proposed by the meson-exchange
picture, in particular, all of them include the one-pion-exchange. They are also all charge-
dependent, as required by deviations of the pp and np data. The Reid93 and Argonne V18
(AV18) potentials do not use meson exchanges for the intermediate and short-range parts
and describe them purely phenomenologically. The Reid93 uses local Yukawa functions of
multiples of the pion mass, while the AV18 potential employs the functions of the Wood-
Saxon type. Unlike other models, the CD-Bonn potential adopts the full nonlocal Feymann
amplitudes for the OBE potential.
Now we would like to introduce the Bonn potential and AV18 potential briey. In
the Bonn potential, the nucleon-nucleon (NN) interaction is constructed as the one-boson
exchange-potential (OBEP). In low energy region, there are essentially only three boson
elds that are of relevance,
1. The pseudoscalar (ps) eld;
2. The scalar (s) eld;
3. The vector (v) eld.
Guided by symmetry principles, simplicity, and physical intuition, the most commonly
used interaction Lagrangian that couple these elds to the nucleon are
Lps =  gps i5 '(ps); (1.17)
Ls = +gs  '(s);
Lv =  gv  '(v)  
fv
4M
  (@'
(v)
   @'(v) );
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where  denotes the nucleon Dirac spinor eld, while '(ps), '(s), '
(v)
 are the pseudoscalar,
scalar and vector boson leds, respectively. M is the nucleon mass. In the last interaction
Lagrangian, the rst term is called the vector (v) and the second term the tensor (t) coupling.
For the ps eld, there is also the so-called pseudovector (pv) or gradient coupling to the
nucleon, which is suggested as an eective coupling by chiral symmetry,
Lpv =   fps
mps
 5
 @'
(ps): (1.18)
The ps and pv couplings are equivalent for on-mass shell nucleons, if the coupling constants
are related by fps = (mps=2M)gps. In actually calculations, we would like to use the pv
coupling which suppresses the antiparticle contribution.
With these interactions, we can plot the Feynman diagram representing a one-boson
exchange contribution to NN scattering in the c.m. frame as the lowest-order.
Γ1 Γ2
E, ~q E,−~q
E ′, ~q′ E ′,−~q′
m
α
q′ − q
Figure 1.2: Feynman diagram of one boson exchange potential contribution to NN scattering in
the c.m frame. Solid line is nucleon and the dashed line is a boson with mass m
.
According to Feynman rules, the amplitude of NN scattering can be written in an ana-
lytical form,
M = u1(~q
0) 1u1(~q)iu2( ~q0) 2u2( ~q)
(q0   q)2  m2
; (1.19)
where  i are the vertices between the meson-nucleon interaction and ui is the Dirac spinor,
u(~q; s) =

M + E
2E
1=2 24 1~  ~q
E +M
35(s): (1.20)
Here (s) is the Pauli spinor. E is the energy of particle E =
p
~q2 +M2. For a real
scattering process, the nucleons are "on their mass shell", which means
E = E 0 =
p
~q2 +M2 =
p
~q02 +M2: (1.21)
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Furthermore, to obtain the analytical form of Bonn potential in coordinate space, we should
make a non relativistic expansion for the energy E,
E  ~q
2
2M
+M: (1.22)
The detailed expression will be shown in Appendix A. Finally we can write the Bonn inter-
action in r space as,
V (r) =
X
S;T
V STc (r) +
X
T
V 1Tt (r)S^12(r^) +
X
T
V Tb (r)~L  ~S +
X
S;T
1
2
 
~p2V ST~p2 (r) + V
ST
~p2 (r)~p
2

:(1.23)
Here, the subscripts c; t; b; p2 of V represent central, tensor, spin-obit and moment square,
respectively. In the second term, the operator S^12(r^) is the spin tensor operator dened by,
S^12(r^) = 3
(1  r)(2  r)
r2
  1  2: (1.24)
In the third term, ~S = 1
2
(1+2) is the total spin of the two-nucleon system and ~L =  irr
the orbital angular momentum operator in r space.
Now we turn to the Argonne potential. It is designed to be useful for practical calculations
and is made to be as local as possible. It includes the electro-magnetic interaction beyond the
static approximation and contains charge symmetric terms and charge symmetry breaking
terms. The strong interaction part of this potential is projected into an operator format
with 18 terms [33]:
V18(r) =
18X
p=1
vp(r)Op; (1.25)
where 14 components of Op are charge symmetric part,
1; i  j; i  j; (i  j)(i  j); Sij; Sij(i  j); L  S; L  S(i  j);(1.26)
L2; L2i  j; L2(i  j); L2(i  j)(i  j); (L  S)2; (L  S)2(i  j) :
There are three charge-dependent operators,
Tij; Tiji  j; TijSij; (1.27)
where Tij = 3zizi   i  j is the isotensor operator, dened in analogy to the Sij operator.
The last one is the charge-asymmetric operator
zi + zj (1.28)
The central components of Bonn and AV18 potentials at S = 0; T = 1 channel in coor-
dinate space are plotted in Fig.1.3. We can nd that there is a very strong repulsion at the
short range region (r 0.5 fm) in the central force of these two realistic NN interactions.
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Figure 1.3: The central components of Bonn and AV18 potentials at S = 0; T = 1 channel in
coordinate space. The solid curve denotes the Bonn potential. The dashed curve is the AV18
potential.
Although they are constructed dierently, their divergent behaviors in the core region are
very similar.
Analogously we also show the tensor components of Bonn and AV18 potentials at S =
1; T = 0 channel in Fig. 1.4. It reveals that the realistic NN contains very strong attractive
tensor components which should be treated correctly.
0.0 0.5 1.0 1.5 2.0
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-120
-100
-80
-60
-40
-20
0
 
 
V
 [M
eV
]
r [fm]
 Bonn
 AV18
V1,0T
Figure 1.4: The tensor components of Bonn and AV18 potentials in the S = 1; T = 0 channel
in coordinate space. The solid curve denotes the Bonn potential. The dashed curve is the AV18
potential.
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Therefore, we can give a summary about the characteristics of realistic NN interaction
from the above two gures:
1. There is a very strong repulsion in the short range region;
2. A strong attractive tensor interaction exists in the intermediate region.
Therefore, the purpose of this thesis is to develop some new microscopic many-body the-
ories to investigate the nuclear matter properties with realistic nucleon-nucleon interaction.
This new theory can properly deal with the tensor interaction and short range correlation
of realistic NN interaction.
The thesis is arranged as follows. In chapter 2, an introduction to the relativistic Hartree-
Fock model with eective nucleon-nucleon interaction and form factor eect is given. In
chapter 3, we discuss the short range correlation about the realistic NN interaction, Bonn
potential in nuclear matter. In chapter 4, we extend the Brueckner Hartree-Fock model to
study the properties of nuclear matter with Bonn potential. A few useful derivations are
provided in the appendix part.
Chapter 2
The relativistic Hartree-Fock theory
2.1 Relativistic mean eld theory
The relativistic mean eld (RMF) model is now very popular in describing nite nuclei and
nuclear matter as a phenomenological eective eld theory. With several (about ten) free
parameters tted once, the RMF theory allows one to study the nuclear matter properties,
ground states of nite nuclei, surface vibrations and giant resonances at the quantitative
level. The concept of the RMF model was proposed by Duerr already in 1956 [20]. The
scalar meson provides large attraction and the vector meson provides large repulsion, which
generate an attractive central potential on the order of 50 MeV and at the same time a large
spin-orbit interaction in the non-relativistic language for nite nuclei. The RMF model
was introduced again by Walecka [21] and then the essential ingredient for quantitative
description of nuclei as the non-linear sigma meson terms was introduced by Boguta and
Bodmer [22, 35]. Then, more non-linear terms of other mesons were taken into account in
the RMF Lagrangian and gave better description about nuclear matter and nite nuclei [23,
36]. The strong foundation of the RMF model was provided by Brockmann and Machleidt
in the relativistic Brueckner-Hartree-Fock (RBHF) theory [11]. The RBHF theory gave
extremely good saturation properties of symmetric nuclear matter with the use of the bare
nucleon-nucleon interaction. The application of the RBHF results in the framework of the
RMF model, i.e. density-dependent RMF model, and relativistic Hartree-Fock model, i.e.
density-dependent RHF model provided accurate description of nite nuclei in a wide mass
range [37, 38, 39, 40].
The parameters for the meson-nucleon coupling constants and the meson masses were
obtained as the rst time by performing a systematic study of nite nuclei with non-linear
terms in a wide mass range by Reinhard et al. [41]. These parameter sets were called NL1
and NL2 [41, 42]. Motivated by the dawn of unstable nuclear physics, Sugahara and Toki
proposed new parameter sets by adjusting the parameters to nite nuclei and the RBHF
12
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results which are used not only for nite nuclei but also for neutron star and supernova [23].
These parameter sets are called TM1, TM2 and TMA. There are so far many parameter sets
to be adopted to study nite nuclei including unstable nuclei in the RMF framework [36, 43,
44]. We know further details about the RMF theory and its applications through the review
articles [45, 46, 47, 48].
As the popular example of the RMF model, Walecka model, contains only two mesons,
scalar meson,  and vector meson, !. The isovector meson,  was introduced later to improve
the asymmetry energy of nuclear matter and isovector properties of nite nuclei. While the
 and  elds in the Bonn potential are not considered due to the unnatural parity, whose
expectation values vanish in the mean eld approximation. The  meson usually is also
excluded because it does not improve this model so much for its heavy mass. Therefore,
to show the main point of the RMF theory, we would like to use the TM1 Lagrangian in
nuclear matter, which contains the nucleon eld  , the scalar eld , the vector eld ! and
the isovector eld :
LTM1 =  (i@  MN   g   g!!   gaa) (2.1)
+
1
2
@@
   1
2
m
22   1
3
g2
3   1
4
g3
4
 1
4
WW
 +
1
2
m!
2!!
 +
1
4
c3(!!
)2
 1
4
RaR
a +
1
2
m
2a
a;
where
W = @!   @!; (2.2)
Ra = @
a
   @a:
We have ignored the tensor coupling of  meson in this Lagrangian. The photon eld A is
also dropped for the charge neutrality hypothesis of nuclear matter.
With the Euler-Lagrange equation,
@L
@
  @

@L
@(@)

= 0; (2.3)
where  represents any eld, we can give the equations of motion for various mesons,
(@@ +m
2
) + g2
2 + g3
3 =  g   ; (2.4)
@W +m
2
!! + c3(!!
)! = g!   ;
@Ra +m
2

a
 = g
 
a :
The last two equations are the Proca equations with source terms. They will be expressed
in the Klein-Gordon equation, when we consider the nucleon current continuity condition,
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@(   ) = 0, and corresponding isovector currents.
(@@ +m
2
!)! + c3(!!
)! = g!   ; (2.5)
(@@ +m
2
)
a
 = g
 
a :
For later convenience, we should write the Hamiltonian density H through the general
Legendre transformation [49, 50]:
H =
X
i=N;
!;;
i(~x; t)
@i(~x; t)
@t
  L; (2.6)
where i(~x; t) is the conjugate momentum of various meson elds and nucleon eld:
i(~x; t) =
@L
@(@i=@t)
: (2.7)
After we insert the Lagrangian (2.1) into Eq. (2.6), the Hamiltonian including the nucleon
eld and meson elds is written as,
HTM1 =  [ i~  ~r+M() + g!! + gaa] (2.8)
+
1
2
(~r)2 + 1
2
m2
2 +
1
3
g2
3 +
1
4
g3
4
 1
2
h
~r!~r! + (~r  ~!)2 +m2!!!
i
  1
4
c3(!!
)2
 1
2
h
~ra~ra + (~r  ~a)2 +m2aa
i
;
with the nucleon eective mass,
M() =MN + g: (2.9)
Here, we have already taken a static approximation for nuclear matter. It means that
all time-dependent terms are dropped in the above Hamiltonian density. In this step, the
meson parts are still the eld operators. The standard method in RMF is to remove all
quantum uctuations of the meson elds and to use their expectation values instead of the
eld operators. This means that all meson elds are treated as classical c number elds. It
can be symbolized by
i ! hii: (2.10)
The mean-eld treatment also simplies the treatment of nucleons. They move as indepen-
dent particles in the meson elds. Therefore the nucleon eld operator can be expanded on
a complete set of single-particle states as
 (x) =
X
a
'a(x)c^a; (2.11)
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where c^a is an annihilation operator for a nucleon in a state a and 'a(x) is the corresponding
single-particle wave function which is assumed as the plane wave function of the free Dirac
equation in nuclear matter,
'a(x) = u(p; s)e
ipx: (2.12)
The spinor u(p; s) satises the following Dirac equation,
(  k + MN + g)u(k; s) = ["(k)  g!!0]u(k; s) (2.13)
= E(k)u(k; s);
where
u(k; s) =

MN + E
(k)
2E(k)
1=2 264 1  k
MN + E(k)
375(s): (2.14)
The Pauli spinor (s) is the spin wave function.
Conned to the single-particle state i with positive energies, i.e., the no-sea approxima-
tion, the ground state of the nuclear matter can be constructed as,
j	i =
AY
i=1
c^yi j0i; (2.15)
where j0i is the physical vacuum state. With this ground state and the mean eld approxi-
mation, the expectation value for the Hamiltonian (2.8) is obtained as,
ETM1 = h	jHTM1j	i (2.16)
=
X
i=n;p
2
(2)3
Z
jkj<kiF
d3k
p
k2 +M2 + g!!
X
i=n;p
iB + g(
p
B   nB)
+
1
2
m2
2 +
1
3
g2
3 +
1
4
g3
4   1
2
m2!!
2   1
4
c3!
4   1
2
m2
2;
where the derivative terms of mesons in Hamiltonian vanishes for the uniform structure of
nuclear matter. For a static uniform system, the rotational invariance implies the expectation
values of spatial components of ! and  mesons to be zero. We just need to take their
time components, !0 and 0. Here, their subscripts are neglected for convenience and the
superscript represents dierent isospin states of nucleon, neutron and proton. kF is the Fermi
momentum and B is the baryon density,
B = h	j   j	i =
X
i=n;p
iB =
X
i=n;p
2
(2)3
Z kiF
0
d3k =
X
i=n;p
1
32
ki3F : (2.17)
These meson elds can be obtained by solving their equations of motion,
m2 + g2
2 + g3
3 =  gS; (2.18)
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m2!! + c3!
3 = g!B;
m2 = g(
p
B   nB):
The scalar density S is dened as
S = h	j y j	i =
X
i=n;p
iS =
X
i=n;p
2
(2)3
Z kiF
0
d3k
MN
E(k)
: (2.19)
Furthermore, in continuum the energy-momentum tensor is given by
T =  gL+ @i
@x
@L
@(@i=@x)
; (2.20)
where the repeated index i is summed over all generalized coordinates. Therefore, we can
insert the TM1 Lagrangian to this expression and obtain the energy-momentum tensor of
TM1 model in nuclear matter system,
T = i  @ +

1
2
m2
2 +
1
3
g2
3 +
1
4
g3
4   1
2
m2!!
2   1
4
c3!
4   1
2
m2
2

g : (2.21)
The pressure p has the following relation with energy-momentum tensor in a uniform system,
p =
1
3
hTiii; (2.22)
which gives the pressure of TM1 model as,
pTM1 =
X
i=n;p
2
3(2)3
Z
jkj<kiF
d3k
k2p
k2 +M2
  1
2
m2
2   1
3
g2
3   1
4
g3
4 (2.23)
+
1
2
m2!!
2 +
1
4
c3!
4 +
1
2
m2
2
We tabulate the parameters of TM1 and Walecka models in Table 2.1. The unit of all
masses about nucleon and mesons is MeV. There are only two mesons in Walecka model, 
and ! elds [45].
MN m m! m g g! g g2 (fm
 1) g3 c3
TM1 939:0 511:198 783:0 770:0 10:0289 12:6139 4:6322  7:2325 0:6183 71:3075
Walecka 939:0 550:0 783:0   9:5726 11:6711        
Table 2.1: The parameters of TM1 [23] and Walecka model [45].
With these parameters, in Fig.2.1 we plot the EOSs of the TM1 Lagrangian and the
Walecka model with dierent asymmetric parameters,  = (nB   pB)=(nB + pB), which
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Figure 2.1: The equations of states of TM1 parameter set and Walecka model for symmetric nuclear
matter ( = 0:0) and pure neutron matter ( = 1:0)
 (fm 3) E=A (MeV) K (MeV) aasy (MeV) MN=MN
TM1 0:145  16:26 279:6 37:82 0:635
Walecka 0:193  15:75 543:5 23:33 0:556
Table 2.2: The saturation properties of TM1 [23] and Walecka model [45].
means that  = 0 and  = 1 represent symmetric nuclear matter and pure neutron matter,
respectively.
We also show the corresponding saturation properties in Table 2.2. From this table, we
can nd that the saturation properties of symmetric nuclear matter are largely improved
by including the nonlinear terms of  and ! mesons in the TM1 parameters as compared
to Walecka model. The EOS of symmetric nuclear matter becomes softer and asymmetric
energy is consistent with the experiment value.
2.2 Relativistic Hartree-Fock theory
So far, the pion does not provide any energy contribution to the binding energy in the
RMF model due to its spin and isospin properties. Hence, we would like to extend the
phenomenological RMF model to the relativistic Hartree-Fock model by explicitly introduc-
ing a part of the pion exchange interaction through the Fock term. In this respect, there
are many studies of relativistic Hartree-Fock model from 1970's. These works include the
pioneering work of Brockmann [51], a systematic study of Bouyssy and the studies of several
groups [52, 53, 54, 55, 56]. There is a recent work on the role of Fock terms on the spin-orbit
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splitting and in particular the problem of a magic structure at Z= 58 and Z= 92 by Long et
al. [57]. This work claims that the  meson is more important than pion. However, there are
two questions concerning the contribution of the  meson exchange interaction. One is the
eect of the meson-nucleon form factor due to nite nucleon size and the other is the role
of the delta function term in the pion and  meson exchange potential. The delta function
term in the spin-spin interaction, which is simply removed in their calculations, seems to be
the source of the large contribution of the  meson exchange interaction.
We would like to start with the Lagrangian which includes two isoscalar mesons ( and
!) and two isovector ones ( and ) [52],
L =  (i@  MN   g   f
m
5
a@a   g!! (2.24)
 gaa + f
2MN
@
aa) 
+
1
2
@@
   1
2
m
22 +
1
2
@
a@a   1
2
m
2a2
 1
4
!!
 +
1
2
m!
2!!
   1
4
RaR
a +
1
2
m
2a
a;
where
! = @!   @!; (2.25)
Ra = @
a
   @a:
The elds  , , a, ! and a are the nucleon, sigma, pion, omega and rho elds, respectively.
It is more reasonable to adopt the pseudovector coupling in NN interaction. We also
take into account the tensor coupling term of the  meson which is usually dropped in the
relativistic mean eld model. Here, we temporarily do not include self-interaction terms for
mesons in order to understand the role of the form factor and the short range correlation.
With the Euler-Lagrange equation
@L
@
  @

@L
@(@)

= 0; (2.26)
where  represents any eld, we can give the equations of motion for various mesons,
(@@ +m
2
) =  g   ; (2.27)
(@@ +m
2
)
a =
f
m
@(  
a );
@! +m
2
!! = g!
  ;
@Ra +m
2

a
 = g
 
a +
f
2MN
@(  
a ):
CHAPTER 2. THE RELATIVISTIC HARTREE-FOCK THEORY 19
The last two equations are the Proca equations with source terms. They will be expressed
in the Klein-Gordon equation, when we consider the nucleon current continuity condition,
@(   ) = 0, and corresponding isovector currents,
(@@ +m
2
!)! = g!
  ; (2.28)
(@@ +m
2
)
a
 = g
 
a +
f
2MN
@(  
a ):
This step is very useful to simplify the Lorentz structure of propagators for the vector mesons.
For later convenience, we should write the Hamiltonian density H through the general
Legendre transformation: After we insert the Lagrangian (2.24) into Eq. (2.6), the Hamil-
tonian including the nucleon eld and meson elds is written as,
H =  [ i~  ~r+M() + g!! + f
m
5~
a~ra (2.29)
+g
a
a   f
2MN
i@
iaa] 
+
1
2
(~r)2 + 1
2
m2
2 +
1
2
(~ra)2 + 1
2
m2(
a)2
 1
2
h
~r!~r! + (~r  ~!)2 +m2!!!
i
 1
2
h
~ra~ra + (~r  ~a)2 +m2aa
i
;
with the nucleon eective mass,
M() =MN + g: (2.30)
Here, we have already taken a static approximation for nuclear matter. It means that all
the terms having time-dependence disappear in the above Hamiltonian density. In this step,
the meson parts are still the eld operators. The standard method is to use the expectation
value instead of the eld operator in the RMF model,
i ! hii: (2.31)
However, we would like to introduce the uctuation part besides the mean eld part for
mesons following the method in Refs. [58, 59]. The expectation values of  and ! meson
elds are dominant as compared with the uctuation parts, while the uctuation terms
become important for the pion and  meson whose mean elds are zero in symmetric and
spin-saturated nuclear matter. Now, the meson elds are constructed by two parts:
i = hii+ i; (2.32)
where hii is the expectation value of meson which is c-number, while i is the meson
uctuation part which usually represents a small quantity compared with the classical led.
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Now, the uctuation terms also will appear in the total Hamiltonian. We show the  meson
part as an example,
H =  [g + g] + ~r  ~r +m2 (2.33)
+
1
2
(~r)2 + 1
2
m2
2 +
1
2
(~r)2 + 1
2
m2
2
Then, we obtain equations of motion about the expectation value and uctuation part by
variational principle from the above Hamiltonian,
( ~r2 +m2) =  gh   i; (2.34)
( ~r2 +m2!)!0 = g!h y i;
( ~r2 +m2)a0 = gh ya i+
f
2MN
@ih  0ia i
and
( ~r2 +m2) =  g(     h   i); (2.35)
( ~r2 +m2)a =
f
m
~r   5~a ;
( ~r2 +m2!)! = g!(     h   i);
( ~r2 +m2)a = g[  a   h  a i] +
f
2MN

@i(  
ia )  @ih  ia i

;
where there is no equation of motion for pion classical part due to the parity conservation.
The nucleon currents in these equations of motion are separated into two parts. One is the
mean eld part and the other is the uctuation part corresponding to meson uctuations.
  i = h   i i+ (   i   h   i i) (2.36)
= h   i i+    i :
Here,  i represent dierent spin structures in meson-nucleon interaction.
The introduction of meson uctuations leads to some new terms in the Hamiltonian
density in nuclear matter where the expectation values of mesons are independent of position.
HN =  ( i~  ~r+MN() + g!0! + g 303) (2.37)
+
1
2
m2
2   1
2
m2!!
2   1
2
m2(
3)2 +
1
2
g(     h   i) + f
2m
a~r   5~a 
+
1
2
g!!(  
   h   i) + 1
2
a

g(  
a   h  a i)
+
f
2MN
(@i(  
ia )  @ih  ia i)

;
CHAPTER 2. THE RELATIVISTIC HARTREE-FOCK THEORY 21
where we have used  and ! instead of  and !0 for convenience and choose the isospin third
component, 3, for  meson. We nd that the rst and second lines in the above Hamiltonian
comes from the mean led approach, while the rest lines are the contributions of uctuation.
The meson uctuations are treated by the Green function. For the Klein-Gordon equa-
tion, we have,
( ~r2~x +m2i )Gi(~x  ~x0) = (3)(~x  ~x0); i = ; ; !;  (2.38)
where G(~x  ~x0) is the meson propagator. Therefore, for instance, the  uctuation can be
written as,
(~x) =  g
Z
d3x0G(~x  ~x0)(     h   i)(~x0): (2.39)
Finally, the Hamiltonian density is related with the nucleon current uctuations.
HN =  ( i~  ~r+MN + g!0! + g 303) +
1
2
m2
2   1
2
m2!!
2   1
2
m2(
3)2(2.40)
+
1
2
Z
d3x2

  g2   (~x1)G(~x1   ~x2)   (~x2)
+g2!
  (~x1)G!(~x1   ~x2)   (~x2)
 

f
m
2
 5~  ~qa (~x1)G(~x1   ~x2)  5~  ~qa (~x2)
+g2
 a (~x1)G(~x1   ~x2)  a (~x2)
 igf
MN
(qi  ia (~x1))G(~x1   ~x2)  a (~x2)
+

f
2MN
2
qi  ia (~x1)G(~x1   ~x2) qj  ja (~x2))

;
where ~q represents momentum transfer between two nucleons. Now, the total energy per
unit volume E is given by,
E = h	j
Z
d3x1HN j	i=V (2.41)
with j	i is the ground state for nucleon. The expectation value of the nucleon current
uctuations can be related with the density correlation function [60],
iD(~x1; ~x2) (2.42)
= h	j[   i   h   i i](~x1)[   i   h   i i](~x2)j	i
= h	j  (~x1) i (~x1)  (~x2) i (~x2)j	i   h	j  (~x1) i (~x1)j	ih	j  (~x2) i (~x2)j	i
=  TrfGN(~x1   ~x2) iGN(~x2   ~x1) ig;
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where GN(~x1   ~x2) is the nucleon propagator,
GN(~x1   ~x2) = h	j (~x1)  (~x2)j	i (2.43)
and the trace is over the nucleon spin and isospin. For innite nuclear matter, it is more
convenient to work out the total energy in momentum space. Therefore, the total energy
per unit volume E in symmetry nuclear matter is,
E =
Z
4d3k
(2)3
 (k)(~  ~k + (MN + g) + g!0!) (k) + 1
2
m2
2   1
2
m2!!
2 (2.44)
+
1
2
Z
2d3kd3k0
(2)6

g2G(
~k   ~k0)TrfGN(k)GN(k0)g
 g2!G!(~k   ~k0)TrfGN(k)GN(k0)g   3g2G(~k   ~k0)TrfGN(k)GN(k0)g
+3

f
m
2
G(~k   ~k0)TrfGN(k)5~  ~qGN(k0)5~  ~qg
+
i3gf
MN
G(~k   ~k0)TrfGN(k)iqiGN(k0)g  
3

f
2MN
2
G(~k   ~k0)TrfGN(k)iqiGN(k0)jqjg

(j~kj < kF )(j~k0j < kF ):
However, we do not know the exact expression of the single particle wave function,  (k),
until now. It will be obtained by the variational principle of the total energy,
[E   "(k)
Z
d3k
(2)3
 y(k) (k)] = 0; (2.45)
where the Lagrange multiplier " is dened as the single particle energy. By the variational
equation, the wave function satises the Dirac function,
(~  ~k +MN + )u(k; s) = 0"(k)u(k; s); (2.46)
where we have used the Dirac spinor u(k; s) to replace the  (k) for consistency with other
works. Because of the translational and rotational invariance in the rest frame of innite
nuclear matter and the assumed invariance under parity and time reversal, the nucleon
self-energy  has the quite general form[45, 52] as
(~k) = S(k) + 
00(k) + ~  ~^kV (k): (2.47)
Here, ~^k is the unit vector of ~k. The self-energy also depends on momenta besides the density.
When we take the normalization condition for the spinor u(~k; s) as,
uy(~k; s)u(~k; s) = 1; (2.48)
CHAPTER 2. THE RELATIVISTIC HARTREE-FOCK THEORY 23
the Dirac Eq. (2.46) in nuclear matter can be solved formally,
u(~k; s) =

MN + E

2E
1=2 264 1~  ~k
MN + E
375(s); (2.49)
with
~k(k) = ~k + ~^kV (k); (2.50)
MN(k) =MN + S(k);
E(k) =
q
M2N + ~k2;
where MN(k) is dened as the eective mass of nucleon. In RMF, the eective mass of the
nucleon is just a function of density like Eq. (2.30), while it is now also related with the
momentum. Here, (s) is the spin wave function. With this solution, the nucleon propagator
with Pauli principle has the following explicit expression,
GN(k) =
/k +MN(k)
2E(k)
: (2.51)
We can substitute the propagator into Eq.(2.44) to calculate the trace in total energy. It
is found that this energy has completely the same form as the one in Ref. [52], where the
retardation eect in meson propagator is neglected. The total energy is given by,
E =
X
i=n;p
1
2
Z kiF
k2dk(kK^ +MNM^)  g
2

2m2
2S +
g2!
2m2!
2B +
g2
2m2
2B3 (2.52)
+
X
i=n;p
1
2(2)4
Z
kk0dkdk0
X
i
Ai(k; k
0) + M^(k)M^(k0)
X
i
Bi(k; k
0)
+ K^(k)K^(k0)
X
i
Ci(k; k
0) + K^(k)M^(k0)D(k; k0)

(kiF   k)(kiF   k0)
+
2
(2)4
Z
kk0dkdk0
X
i
Ai(k; k
0) + M^(k)M^(k0)
X
i
Bi(k; k
0)
+ K^(k)K^(k0)
X
i
Ci(k; k
0) + K^(k)M^(k0)D(k; k0)

(kiF   k)(knF   k0);
where the scalar density S, baryon density B and the third component B3 are dened as,
S =
X
i=n;p
1
2
Z kiF
k2M^(k)dk; (2.53)
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B =
X
i=n;p
(kiF )
3
32
;
B3 =
(knF )
3
32
  (k
p
F )
3
32
;
with the Fermi momentum kiF and
K^(k) =
k(k)
E(k)
(2.54)
M^(k) =
MN(k)
E(k)
:
The self-energy of proton changes as,
pS(k) =  
g2
m2
S +
Z kpF k0dk0
(4)2k
"
M^(k0)
X
i=;!;;
Bi(k; k
0) +
1
2
K^(k0)D(k0; k)
#
(2.55)
+
2
(4)2k
Z knF
k0dk0
"
M^(k0)
X
i=;
Bi(k; k
0) +
1
2
K^(k0)D(k0; k)
#
;
p0(k) =
g2!
m2!
B +
1
(4)2k
"Z kpF
k0dk0
X
i=;!;;
Ai(k; k
0) + 2
Z knF
k0dk0
X
i=;
Ai(k; k
0)
#
;
pV (k) =
1
(4)2k
Z kpF
k0dk0
"
K^(k0)
X
i=;!;;
Ci(k; k
0) +
1
2
M^(k0)D(k; k0)
#
+
2
(4)2k
Z knF
k0dk0
"
K^(k0)
X
i=;
Ci(k; k
0) +
1
2
M^(k0)D(k; k0)
#
:
The neutron also obeys the similar expression to the exchange of the position of kpF and k
n
F .
The functions Ai, Bi, Ci and D are listed in the Table.2.3, where the i and i functions are
coming from the angular integration,
(m; k; k0) = ln

m2 + (k + k0)2
m2 + (k   k0)2

; (2.56)
(m; k; k0) =
k2 + k
02 +m2
4kk0
(m; k; k0)  1:
We should notice that for the symmetry nuclear matter, these functions should have an
additional factor 3 for the  and  meson in the energy (4.52).
However, we want to emphasize that we keep the contact terms in pion and the tensor
coupling term of  meson exchange interactions where the exchange interaction of spin-spin
central part can be written as
VC(~q) =
~q2
~q2 +m2
= 1  m
2
~q2 +m2
; (2.57)
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i Ai Bi Ci
 g2 g
2
  2g2
! 2g2!!  4g2!!  4g2!!
V 2g
2
  4g2  4g2

h
f
m
i2
(m2   4kk0)
h
f
m
i2
(m2   4kk0) 2
h
f
m
i2
[(k2 + k02)   kk0]
T
h
f
2MN
i2
(m2   4kk0) 3
h
f
2MN
i2
(m2   4kk0) 4
h
f
2MN
i2
[(k2 + k02  m2=2)   kk0]
V T D = 12
fg
2MN
(k   2k0)
Table 2.3: The function Ai, Bi, Ci and D in the Eq. (2.52).
where, the factor 1 will be transformed to the  function in the conguration space which
is called as contact term. The  function term is often removed due to the short range
correlation. This is very important when discussing which one is more important between
the pion and  meson in Fock terms. We should not remove the contact terms of the pion
and  meson exchange interactions simply. Therefore there is slight dierence about the
expression for pion and tensor coupling part of  meson in this work as compared with Ref.
[52]. We should take the following replacement for pion and tensor coupling term of  meson
in Fock energies,
 m2(m; k; k0)! 4kk0  m2(m; k; k0): (2.58)
By minimizing the total energy E with respect to the M^(k), we obtain a self-consistent
equation for the self-energy. Because for the other variational parameter, K^(k), there is
M^2(k) + K^2(k) = 1 This equation can be solved numerically by the iterative method.
In Lagrangian (2.24), there are six free parameters, i.e., ve coupling constants (g; g!; g; f; f)
and  meson mass, m. As for the coupling constants, we x the -N and -N coupling con-
stants as in Ref.[52], i.e., f 2=4 = 0:08 and g
2
=4 = 0:55. The tensor -N coupling constant
is related to the ratio f=g = . This ratio usually has two values,  = 3:7 or  = 6:6.
We use these two values to study the eect of the tensor coupling term of the  meson.
Therefore, there are just three parameters which need to be adjusted in this work, ! and 
coupling constants, g! and g, and  meson mass m. As for the  meson mass, we choose
m = 550 MeV. Then, we t g and g! according to the saturation properties of nuclear
matter, E=A =  15:75 MeV and 0 = 0:1484 fm 3.
Here, we take two cases, with and without the delta-function piece (contact term) in
the pion and  meson exchange interactions. We tabulate these parameter sets in Table
2.4. Other properties of nuclear matter such as the incompressibility K and the eective
nucleon mass of Fermi surface MN at the saturation density are also given in Table 2.4. We
nd the EOS with the Fock energy is softer than the Walecka model which contains only
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the Hartree energy. The contributions of pion and  meson are completely dierent for the
cases with and without the delta-function pieces (contact terms). The contact terms are
removed in the cases I and II, while they are kept in the cases III and IV. The Fock energy
contributions have opposite signs for the cases with and without the contact terms. The 
meson contribution is very large when we remove the contact term, while it become rather
small when we keep the contact term.
Parameters hVFocki=B
Case g g!  M

N=MN K (MeV)  !  
I 9.031 11.697 3.7 0.568 441 28.93 -21.49 -6.56 -18.81
II 6.740 11.202 6.6 0.633 384 16.26 -20.50 -6.49 -58.20
III 10.28 11.091 3.7 0.555 472 37.40 -19.10 14.45 1.970
IV 9.980 10.175 6.6 0.602 395 35.46 -16.53 14.62 8.902
Table 2.4: The parameter sets of the EOS of nuclear matter in RHF model. We remove the contact
terms of pion and  meson in cases I and II, while we keep them in cases III and IV. In addition
to the coupling constants, we show the contributions of Fock energies from various mesons and the
incompressibility K and the eective nucleon mass MN .
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Figure 2.2: The pion and  meson contributions in the Fock term. The solid and dash-dotted curves
are the pion and  meson contributions to the Fock term, respectively, for the case IV in Table
2.4, while the dashed and dash-dot-dotted curves correspond the pion and  meson contributions
to the Fock term for case II.
We elucidate the roles of the contact terms by showing the Fock energies from the pion
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and  meson with and without the contact terms in Fig.2.2. The signs of the two cases are
opposite. We nd, in particular, that the contribution of the  meson is quite dierent. As
for the  and ! mesons, their Fock energies are shown in Table 2.4 at the saturation density.
The Fock term reduces only the contribution of the Hartree term for each meson.
2.3 The form factor in RHF theory
The nucleon form factor appears in the relativistic mean eld (RMF) model as a simple
modication of the coupling constants, because the momentum transfer is zero. On the
other hand, it is essential to take into account the form factor in the calculation of the Fock
energies, because the meson elds are virtually excited (quantum eect). We have to consider
the nite size eect of the nucleon which is to be treated in terms of form factor. Although
it seems simple to introduce the form factor in the relativistic Hartree-Fock framework, the
form factor eect is often dropped for quantitative studies of nite nuclei and nuclear matter.
We employ the dipole form factor in which we replace the meson-nucleon interactions in
the momentum space by
1
~q2 +m2
! 1
~q2 +m2

2  m2
2 + ~q2
2
; (2.59)
~q2
~q2 +m2
! ~q
2
~q2 +m2

2  m2
2 + ~q2
2
:
These two interactions are the typical interactions appearing in the Fock term in this work.
We can then manipulate these replacement as,
1
~q2 +m2

2  m2
2 + ~q2
2
=
1
~q2 +m2
  1
~q2 + 2
+ (2  m2) d
d2
1
~q2 + 2
(2.60)
and
~q2
~q2 +m2

2  m2
2 + ~q2
2
=
2
~q2 + 2
  m
2
~q2 +m2
  (2  m2) d
d2
2
~q2 + 2
: (2.61)
From the above expressions, we notice that the delta function of pion interaction in cong-
uration space does not appear any more. The delta function piece becomes now momentum
dependent.
The energy contribution of  meson after introducing the form factor is expressed as
EFF =  
g2
2m2
2S

1  m
2

2
2
(2.62)
+
g2
(2)4
Z kF
0
dkdk0

FF + 
FF
 M^(k)M^(k
0)  2FF K^(k)K^(k0)

;
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where FF and FF have the following relations with original  and  as,
FF (m;; k; k0) = (m; k; k0)  (; k; k0) + (2  m2) d
d2
(; k; k0); (2.63)
FF (m;; k; k0) = (m; k; k0)  (; k; k0) + (2  m2) d
d2
(; k; k0):
These relations are based on the cut o momentum . For the pion and the tensor coupling
term of  meson, we should use the corresponding expression in Eq. (2.61).
The form factor in the meson-nucleon coupling vertex is particularly important in the
RHF lagrangian, since the Fock term needs integration over various meson momenta (virtual
process). The form factor eect is simple in the RMF approximation where the momentum
transfer is zero. The consideration of the form factor in the bare nucleon-nucleon interaction
(  1:0   2:0 GeV) has a large inuence on the meson exchange interaction particularly
for mesons with large masses.
Hence, we calculate the EOS by introducing the cut-o masses of the form factors in
Bonn-A for various mesons. We provide the parameter sets obtained by considering the
form factor of  = 2:0;! = 1:5; = 1:05; = 1:3 GeV [11] in Table 2.5. We list two
cases with  = 3:7 and  = 6:6 for the  tensor coupling, which are shown as case V and
case VI. The eect of the form factor is large for meson exchange interactions with  meson.
The  meson contribution is largely cut down by nearly half. On the other hand, the  and
! meson contributions do not change much. The contribution of the  meson turns out to
be much smaller than the pion contribution, which becomes relatively important now in the
total Fock energy.
Parameters hVFocki=B
Case g g!  M

N=MN K (MeV)  !  
V 11.594 16.451 3.7 0.519 564 39.19 -20.48 11.92 0.724
VI 11.545 16.164 6.6 0.530 540 38.73 -19.90 11.95 3.348
Table 2.5: The parameter sets of the EOS of nuclear matter with form factor. We introduce the
form factor for the meson-nucleon coupling vertices for all the mesons with the cut-o masses in
Bonn-A potential, while keeping the contact pieces of pion and the tensor coupling term of  meson
exchange interactions. The parameters are listed for two 's in the cases V and VI.
In Fig.2.3, we show the EOS after introducing the form factor. The dotted curve is the
EOS of nuclear mater with the inclusion of the form factor eect in RHF theory (HFFF). The
solid curve denotes the case IV without considering the form factor, which is shown as the
reference of form factor eect. The form factor does not improve the saturation properties
of nuclear matter in RHF model.
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Figure 2.3: The EOS with form factor as a function of the matter density. The dotted curve is the
EOS of the case V, which includes the form factor eect; the solid curve corresponds to the EOS
without the form factor (Case III in previous subsection).
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Figure 2.4: The momentum dependence of the meson exchange interactions with the inclusion of
the form factor are shown as a function of the momentum. In the left panel, we show the  and !
meson cases. In the right panel, we show the pion and tensor coupling term of  meson.
The  and ! meson exchange interactions have the momentum dependence, 1=(~q2+m2),
which does not have much strength at short distance after taking the form factor eect.
The pion and tensor coupling term of  meson exchange interactions have the momentum
dependence, ~q2=(~q2 +m2). This form of the interaction increases with the momentum. We
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show in Fig.2.4 the momentum dependence of the meson exchange interaction for the 
and ! mesons in the left two panels. To compare the form factor eect conveniently, we
choose  = 1:0 GeV for all mesons here. We see that these interactions are quite dierence
between the result with (FF) and without (bare) form factors. In the right panels, we
show the momentum dependence of the pion and tensor coupling term of  meson exchange
interactions. The high momentum components are largely suppressed by the form factor.
In the  meson case, the form factor eect is enormous because the mass of the  meson,
m = 780MeV, is close to the cut-o mass,  = 1GeV. The Fock term has the contribution
from momenta below the twice of Fermi momentum, jqj < 2kF . Hence, the  meson Fock
term changes its sign as can be seen in Fig.2.4.
Now, we vary the cut-o masses of the form factor on the basis of the EOS with parameter
set VI. We show in Fig. 2.5 the cases with 0i = i; 1:25i and 1:5i where i is the value in
Bonn-A. The EOS moves up appreciably with . This is due to the large increase of Hartree
part for the ! meson contributions by increasing the cut-o mass.
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Figure 2.5: We show the EOS of nuclear matter for several cut-o masses of the form factor. The
cut-o masses are taken as 0i = 1:0i; 1:5i; 2:0i GeV, respectively and the other parameters
are xed as the case VI.
2.4 The RHF theory with nonlinear Lagrangian
We nd the nuclear matter incompressibility stays very large as compared with the experi-
mental data once we introduce the form-factor into the Fock term, because its contribution
becomes small. To solve this problem, we would like to introduce the nonlinear terms of the
 and ! mesons following the idea of TM1 [23]. Therefore, we replace the Lagrangian (2.24)
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for the  and ! mesons by including the non-linear self-coupling terms
1
2
m2
2  ! 1
2
m2
2 +
1
3
g2
3 +
1
4
g3
4; (2.64)
1
2
m2!!
2  ! 1
2
m2!!
2 +
1
4
c3(!!
)2:
With these nonlinear terms, we can make similar HF calculations as formulated in Chapter
2.2 except for the use of modied meson masses for the  and ! mesons in the meson
propagators,
m2 = m
2
 + 2g2 + 3g3
2; (2.65)
m2! = m
2
! + 3c3!
2:
There are now additionally three parameters, g2, g3 and c3. For the present tentative
study, we choose the values of the three parameters as those of the TM1 parameter set. It
means g2 =  7:2325 fm 1, g3 = 0:6183 and c3 = 71:3075. By reproducing the saturation
density and the binding energy, we obtain the parameter sets in Table 2.6. The incompress-
ibility comes out to be about 320 MeV after including the nonlinear terms, and the eective
nucleon mass becomes MN  0:60MN at the saturation density.
Parameters hVFocki=B
Case g g!  M

N=MN K (MeV)  !  
VII 11.286 15.172 3.7 0.604 336 30.00 -16.76 12.31 0.541
VIII 11.143 14.680 6.6 0.621 324 29.36 -15.91 12.35 3.150
IX 11.798 18.850 6.1 0.615 387 26.28 -20.70 6.841 -5.444
Table 2.6: The parameter sets for the EOS of nuclear matter with the nonlinear terms of the 
and ! mesons. In cases VII and VIII, we include the form factor eect for all mesons. In case IX,
we x all the parameters, like the cut-o mass of the form factor and the tensor-vector ratio as the
Bonn-A potential, except the  and ! coupling constants [11]. The non-linear terms are included
in the calculation where we use the non-linear coupling constants of  and ! mesons as TM1 [23].
To discuss the  meson contribution further, we also calculate the nuclear EOS by xing
its coupling constant as the value in Bonn-A, where the pion and  coupling constants are
f 2=4 =0.0805, g
2
=4 = 0:99 and  = f=g = 6:1 as parameter set IX. Now, we show the
contributions of each meson to the Fock energy changing as function of density, , in Fig.
2.6. We nd that the  meson contribution in the Fock term has increased largely from
Table 2.6. The reason is that the vector coupling constant is larger than the previous choice.
Finally, the total energy contribution of  meson becomes comparable to that of pion.
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Figure 2.6: The contributions of the Fock energies from various mesons in parameter IX.
2.5 Conclusion
We rstly introduce the RMF model with TM1 Lagrangian. The properties of symmetric
nuclear matter are given for TM1 parameter and compared with Walecka model. These
properties satisfy the experiment data very well. However, the contribution of pion can
not be taken into account in the mean eld approximation. Then, we discussed the nuclear
matter in RHF model, where pion will contribute to the total energy through the Fock terms.
Explicitly, we formulated the RHF model by taking rst the mean eld approximation
and then use the uctuation terms to calculate the Fock energies. We consider that the RHF
Lagrangian is obtained by integrating out the eect of the tensor correlation and the short
range correlation in the bare nucleon-nucleon interaction. Hence, the Lagrangian should
reect the properties of the nucleon-nucleon interaction. This consideration naturally makes
us consider the meson-nucleon form factor, which is on the order of   1:0 GeV.
We have studied rst the equation of state (EOS) of nuclear matter without the form
factor. We have found large contributions from the meson exchange interaction. Here, there
is a problem of the contact term, which is to be or not to be removed in the Fock energy. We
have then introduced the form factor in the Fock term on the order of   1:0 GeV. This
introduction of the form factor has a large eect on meson contributions. Particularly, the
eect of the  meson is largely reduced. Now the contribution of the Fock term due to the 
meson is smaller than that of the pion. The form factor modies the delta-function term of
the Yukawa interaction within the range of the cut-o mass of the form factor. Hence, there
is not a concept of the delta-function piece for the case with form factor.
Once we take into account the form factor, the incompressibility became too large. Hence,
we have to additionally include the non-linear terms for a quantitative description of nuclear
matter. We took the same nonlinear coupling constants as in the TM1 parameter set. At
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last, we obtain the EOS with the incompressibility of about 300 MeV.
Chapter 3
Short range correlation in RHF model
3.1 Unitary Correlation Operator Method
As we showed in Chapter 1.2, there is a very strong repulsion at short distance for the realistic
NN interaction. With this repulsion, we could not obtain the bound state of nuclear matter
with this realistic NN interaction in the Hartree-Fock space. Therefore, one of the crucial
issue in many-body calculation is how to deal with this short-range repulsive correlation.
This is investigated with Jastrow correlation functions in the simplest case [12], which was
developed as a variational chain summation (VCS) approach, based on hyper-netted chain-
summation techniques in nuclear matter system in 1970's by Panharipande et al. [13].
However, it is not an unitary transformation for the wave-function in the Jastrow function
method.
Recently, there is a very attractive method developed by Feldmeier et al. in terms of
the unitary correlation operator method (UCOM) [61, 62]. The UCOM was demonstrated
extremely ecient to provide binding energies and wave functions for light nuclei with the
use of eective NN interaction with only the central interaction including the short range
repulsive interaction [61]. The essence of UCOM is to introduce a unitary transformation,
 = U: (3.1)
Here,  indicates the full wave function, while  indicates a uncorrelated trivial wave func-
tion. Hence, if we know the detailed U , we can obtain the exact wave function in terms of
the trivial wave function. The unitary correlation operator U is written as
U = expf iCg; C = Cy; (3.2)
where C is the hermitian generator of the correlations. Hence, we can get a set of new
equation of motion for nucleon as
H = E ; (3.3)
34
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U yHU = E :
Furthermore, C should have to be a two-body operator or higher because a one-body
operator would only cause a unitary transformation of the single particle states,
C =
AX
i<j
c(i; j) + three-body + ::: (3.4)
However, we just make an approximation of UCOM up to two-body correlation terms [61].
This approximation is justied for the short-range correlation, because the probability that
three-body nucleons enter their interaction ranges is small around the normal nuclear matter
density. Now, we can use the two-body correlation operator u(i; j) instead of U . For a
Hamiltonian in nuclear matter, which consists of a one-body kinetic energy operator and a
two-body potential,
H =
AX
i
Ti +
AX
i<j
V (i; j); (3.5)
after the UCOM correlation, it will be changed as
eH = uy(i; j)Hu(i; j) (3.6)
=
AX
i
Ti +
AX
i<j
eV (i; j);
where the eective two-body interaction eV (i; j) is generated from the short range correlation
on two-body kinetic energy and bare interaction,
eV (i; j) = uy(i; j)V u(i; j) + uy(i; j)(Ti + Tj)u(i; j)  (Ti + Tj): (3.7)
This eective interaction provides the same eect as the G-matrix.
In actual calculation, the correlation operator is not convenient. This correlator, u(i; j),
can be expressed in terms of a coordinate transformation R+(r) for the radial distance,
R+(r) = r + 

r


exp(  exp(r=)): (3.8)
The parameter  determines the overall amount of the shift and  the length scale.  controls
the steepness around r = 0. The double-exponential can ensure the correlator just has eect
in the short distance. We give some useful transformations as following,
uy(i; j)ru(i; j) = R+(r) (3.9)
uy(i; j)V (r)u(i; j) = V (R+(r))
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uy(i; j)pru(i; j) =
1p
R0+(r)
1
r
pr
1p
R0+(r)
;
where pr is the radial momentum, h~rjprji =  i @@r h~rji All the other operators as ~l and ~s
are unchanged.
3.2 Relativistic Hartree-Fock UCOM model
The knowledge of neutron-rich matter is very important for the study of compact stars as
neutron stars and supernova. As the matter density increases after gravitational collapse
of stars, the electron pressure increases due to its small mass and charge neutrality and
eventually nuclear matter becomes highly neutron-rich through electron capture by protons.
The formation of compact object as hot proton-neutron star and resulting cold neutron
star depends completely on the property of neutron-rich matter. In this respect, it is most
important to obtain the properties of neutron-rich matter reliably in nuclear physics for the
description of exciting phenomena as supernova and neutron stars [63].
High density neutron-rich matter is far from the standard nuclear physics. Nuclei con-
sist of nite number of neutrons and protons due to repulsive Coulomb interaction among
protons. Even we will be fully equipped with radioactive beams, the neutron-proton ratios
of neutron-rich nuclei are limited up to about 3 [64, 65, 66]. Although we are able to de-
scribe nuclei including unstable ones using some phenomenological models, we need large
extrapolation to provide enough information on neutron-rich matter. In fact, phenomenolog-
ical models as the relativistic mean eld model are able to describe nite nuclei very nicely
by tting about 10 parameters, but these phenomenological models provide quite dierent
equations of state (EOS) of neutron-rich matter [23]. Besides, the widely used EOS of the
RMF model in nuclear astrophysics diers from those of the RBHF theory for pure neutron
matter [67].
Hence, we should rely on nuclear many-body theory for the extraction of the properties
of neutron-rich matter. In this sense, we are encouraged by the work of Brockmann and
Machleidt on nuclear matter in the RBHF theory [11]. With the use of the coupling constants
and the form factors of the one-boson exchange potential (OBEP) xed by the nucleon-
nucleon scattering data, the RBHF theory is able to provide good saturation properties of
symmetric nuclear matter. In particular, the parameter set Bonn-A, which has the weakest
tensor force among the parameter sets used there, reproduces the saturation properties very
well [11]. As a microscopic theory, the RBHF theory excellently deals with the short
range correlation and tensor interaction by solving the Bethe-Salpeter equation, which is the
standard method of treating the many-body problem.
There are several problems, however, in the RBHF theory to go ahead for the application
to astrophysics problems. One is a phenomenological aspect. The direct use of the RBHF
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theory to nite nuclei is very dicult and its approximation in terms of the relativistic
mean eld (RMF) model with density dependent coupling constants provides good results
for nite nuclei, but not satisfactory for describing the binding energies of various nuclei
in the R-process nuclear synthesis [37]. Another one is a theoretical aspect, where the
extraction of the G-matrix (eective interaction) for neutron-rich matter has some ambiguity
on the treatment of highly excited intermediate states [11, 68]. Furthermore, the most severe
limitation of the RBHF theory for the application to astrophysics is the necessity of solving
the G-matrix consistently with nuclear ground states for many situations. Hence, it is
desirable to develop a theoretical model to describe nite nuclei and at the same time to
handle easily for astrophysical applications in a wide density and temperature regions [67].
There is a big hint on the possibility of using the Hartree-Fock model for this purpose.
We are aware of the fact that the G-matrix takes care of high momentum components due
to the short range correlation and the tensor interaction. There are several studies on the
role of the tensor interaction, which is extremely important to provide large binding energy
for symmetric nuclear matter and nite nuclei [69, 70, 71, 72, 73, 74]. The tensor interaction
arises from the pion exchange interaction, which is strong in the triplet S channel (S = 1,
L = 0 and T = 0) due to involvement of large momentum transfer and hence short distance
between the interacting nucleons. For pure neutron matter, the triplet S channel is absent
and hence we expect that the eect of the tensor interaction is weakened largely. In fact, it
was shown by Kaiser et al. that the contribution of the pion exchange interaction is extremely
small in pure neutron matter [69]. Hence, we are motivated to look into neutron-rich matter
by just considering explicitly the short range correlation.
Hence, the purpose of this section is to apply the relativistic Hartree-Fock model with
the UCOM (RHFU) to investigate properties of neutron-rich matter, which can deal with
the realistic nucleon-nucleon interaction. To simplify the calculation, we assume that the
UCOM operator U is independent on the spin, isospin and Dirac structure of wave function
in the RHFU model.
The Lagrangian of Bonn potential can be written as [31],
Lint =  

  g   gaa   f
m
5@
   f
m
5a@
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where
W = @!   @! ; (3.11)
Ra = @
a
   @a :
 is the nucleon eld and M the nucleon mass. Moreover, we use a monopole form factor,
F(q
2) =
2  m2
2 + q
2
; (3.12)
for each meson-nucleon vertex denoted by .
Once we include the form factor into the meson exchange potential, the contact terms
in the meson exchange interaction become momentum dependent. Hence, all the meson
exchange interactions in Bonn potential can be written in the form of Yukawa functions in
coordinate space even after considering the form factor eect,
V (m; r) =
e mr
r
: (3.13)
When the unitary correlation operator U is applied to the two-body NN interaction, we just
take the following transformation in the potential V (r) as,
cy(i; j)V (m; r)c(i; j) = V (m;R+(r)): (3.14)
On the other hand, the kinetic energy part after the transformation by UCOM operator
is
cy(i; j)T (i; j)  T =
X
i<j
(~i   ~j)  ~r
r
1p
R0+(r)
1
r
qr
rp
R0+(r)
(3.15)
+(~i   ~j)  ~r
r

1
R0+(r)
  r
R+(r)

qr +

r
R+(r)
  1

(~i   ~j)  ~q:
Here, qr = ~r  ~q=r is dened as the radial momentum. The Dirac matrix ~i is an operator
on the Dirac spinor of i-th nucleon and the prime denotes dierentiation with respect to the
relative coordinate r. The detailed derivations about this equation are given in Appendix
B.2.
We show the calculated result for the EOS of pure neutron matter in the RHFU model
by using the Bonn-A potential in Fig. 3.1. The meson masses, meson-nucleon coupling
constants and cut-o masses in the form factor are taken from Table VI of Ref. [11]. For
the parameters of the UCOM, we take  = 0:8 fm,  = 0:6 fm and  = 0:37 which are
obtained from the parameters by tting the properties of light nuclei [61]. We change 
while keeping the behavior of the UCOM function at the origin so as to reproduce the EOS
of neutron matter. We will come back to the UCOM function in the discussion of symmetric
nuclear matter. The result of our model calculation is shown by the solid curve in Fig.3.1.
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Figure 3.1: The EOS of pure neutron matter calculated with the Bonn-A potential. The solid curve is
the result of the RHFU model, which is compared with the result of the RBHF theory shown by triangle
dots [68]. The dot-dashed curve does not include the short range correlation.
We reproduce completely the result of the RBHF theory [68]. In order to see the eect of
the short range correlation, we remove the UCOM transformation, and plot the EOS by
the dot-dashed curve in Fig.3.1. The eect of the short range correlation is very large and
increases with density.
We show various components of potential energies for pure neutron matter at  = 0:15
fm 3, which is close to the saturation density of symmetric nuclear matter in Table 3.1.
EH;i are the Hartree contributions from various mesons, while EF;i are those from the Fock
contributions. We nd that  and ! mesons provide the main contributions to the total
energy. The other components of meson exchange potentials for pion and  meson are very
small. The pion contribution is larger than the  meson contribution.
i  !    
EH;i (MeV) -109.2 75.3 0.0 3.1 -1.4 0.0
EF;i (MeV) 42.5 -26.8 4.7 -1.9 0.8 -0.6
EHF;i (MeV) -66.7 48.5 4.7 1.2 -0.6 -0.6
Table 3.1: Various energy components of meson exchange potentials to the EOS of pure neutron
matter at  = 0:15 fm 3. The kinetic energy is 25.7 MeV and the total energy is 12.2 MeV.
The Dirac nucleon mass in nuclear matter is dened as MD;i =MN +S;i, where S;i is
the scalar components of nucleon self-energy for protons and neutrons. There are striking
CHAPTER 3. SHORT RANGE CORRELATION IN RHF MODEL 40
dierences found in the literatures between the Dirac proton and neutron masses due to
their calculation methods in the relativistic Brueckner-Hartree-Fock theory. In Ref. [11], the
neutron Dirac mass is larger than the proton mass, while the situation is completely opposite
in the RBHF calculation by Dalen et al. who used the projection techniques [68]. In our
RHFU model, the proton and neutron Dirac masses are MD;p=703 MeV and M

D;n=612
MeV respectively at  = 0:15 fm 3. These values are close to the results of Dalen et al. [68],
where MD;p=724 MeV and M

D;n=606 MeV.
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Figure 3.2: The EOS's of asymmetric nuclear matter with the Bonn-A potential for various proton-to-
neutron ratios , where  = (n   p)=(n + p). The continuous curves are the results of the RHFU model
for various . The corresponding results of the RBHF theory are shown by various symbols, which are taken
from Ref. [68].
The successful result for pure neutron matter encourages us to consider the EOS's of
other ratios of neutrons and protons in asymmetric nuclear matter. Therefore, we plot
the EOS's of asymmetric nuclear matter for various values of the asymmetry parameter
 = (n   p)=(n + p) with Bonn-A potential in Fig. 3.2. Here,  = 1 corresponds to
pure neutron matter and  = 0 corresponds to symmetric nuclear matter. The results for
neutron-rich matter are satisfactory until  = 0:8. We start to see small deviation of the
RHFU results from the RBHF ones in the low density region. As the  decreases further the
deviation of the two results becomes signicant. For the symmetric nuclear matter  = 0,
we are not able to reproduce the RBHF results in the low density regions   0:2 fm 3. We
have expected large deviation of the RHFU results from those of the RBHF theory for  = 0.
In this case, the binding energy per nucleon is -14.48 MeV at saturation Fermi momentum,
kF = 1:44 fm
 1 and the symmetry energy is 33.56 MeV. The incompressibility K is about
400 MeV which means the EOS in the RHFU model is stier than the one of the RBHF
theory. Now, we discuss here the properties of the UCOM parameters. As mentioned in
the introduction, the tensor interaction has a signicant role on symmetric nuclear matter
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by providing a large attraction, which is large at the low density and decreases with density
due to the Pauli blocking eect. With the choice of the UCOM parameters to reproduce the
EOS of pure neutron matter, we nd the RHFU model provides the EOS deviating to the
under binding direction. If we use a larger , the EOS will be more bound than that of the
RBHF theory in the high density region.
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Figure 3.3: The EOS of symmetric nuclear matter and pure neutron matter with the NN interaction of
Bonn-A, Bonn-B and Bonn-C.
We discuss the EOS for dierent potentials now. Here, we take the three potentials of
the Bonn group, Bonn-A, Bonn-B and Bonn-C, where the large dierence among these three
potentials lies on the strength of the tensor interaction. The Bonn-A has the weakest tensor
strength [11]. We show the results of the EOS's of pure neutron and symmetric nuclear
matter in Fig. 3. The EOS's of the three cases almost agree each other for pure neutron
matter. Again, this fact indicates that the tensor interaction does not contribute much for
pure neutron matter. Actually, this situation also has been proved in Fig.1 of Ref. [75] with
RBHF theory. On the other hand, the EOS's of symmetric nuclear matter dier with each
other to a large extent. For the case of Bonn A potential, the resulting EOS is not so bad,
but other cases are quite dierent from the RBHF results and the saturation properties. In
this case, the tensor interaction plays an important role to provide a large binding eect as
demonstrated by Kaiser et al. [69].
It is very important to nd that the RHF model with the UCOM is able to reproduce the
EOS's of neutron-rich matter of the sophisticate RBHF theory by using the bare nucleon-
nucleon interaction. It is then straightforward to calculate EOS's in various situations at
nite temperature and higher densities within the RHFU model for neutron-rich matter.
We are also able to calculate the neutrino reaction rates in neutron-rich matter, which are
necessary for formation of hot neutron star in the course of supernova explosion. In the
region where experimental data are available for smaller asymmetry parameter  < 0:5, we
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may introduce several parameters for the coupling constants of the Lagrangian in the RHFU
model to be xed by experimental data.
3.3 Non-relativistic Hartree-Fock UCOM model
We have discussed the properties of neutron-rich matter in the framework of relativistic
Hartree-Fock model with UCOM (RHFU) by using the realistic NN interaction, Bonn po-
tential in section 3.2. We found that the EOS in our calculation can completely reproduce
the one of pure neutron matter in RBHF model with Bonn-A potential. This achievement
drives us to consider whether we can also obtain the similar results as the variational method
in a simpler theory like the Hartree-Fock UCOM model.
It is necessary to introduce the three-body interaction to provide enough repulsive con-
tribution in the high density region in the framework of a non-relativistic microscopic calcu-
lation. Li et al. obtained reasonable saturation properties of symmetric nuclear matter by
including the microscopic meson-exchange three-body interaction in Brueckner-Hartree-Fock
approach [77]. However, Akmal used a phenomenological three-body interaction, Urbana
model IX (UIX) to improve the EOS of nuclear matter, especially in high density region
[14]. Therefore, it is very interesting to study the eect of a three-body interaction in the
Hartree-Fock framework for neutron matter.
Furthermore, the realistic NN potential is obtained from the center of mass framework
where the total momentum Pij is zero. To take the eect of non-zero Pij into account, the
relativistic boost correction was applied in the variational method with the AV18 potential.
However, Forest et al. [76] pointed out that the meson-exchange potential has contained
the relativistic boost correction. Hence, we will discuss the properties of nuclear matter
with the Bonn potential, which is constructed by using the meson exchange model without
introducing the relativistic boost correction term.
Hence, we would like to develop the Hartree-Fock theory with UCOM and three-body
interaction (HFUT), which can deal with a bare NN interaction, to investigate the properties
of neutron matter. We want to nd a simpler way to discuss neutron matter in the many-
body framework.
Firstly, we would like to estimate the contributions of the tensor interaction both for neu-
tron matter and symmetric nuclear matter in the perturbation theory with non-relativistic
pion interaction. In the one-boson-exchange model of the NN interaction, the tensor contri-
bution mainly comes from the one-pion exchange potential (OPEP). For the pseudo-vector
coupling between pion and nucleon, the OPEP in momentum space is given by
V(q) =  f
2
NN
m2
1  q2  q
q2 +m2
1  2 ; (3.16)
where fNN is the pion-nucleon coupling constant and q is the exchanged momentum between
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two nucleons. The operators,  and  , represent the spin and isospin operators, respectively.
This interaction can be separated into the spin-spin central and tensor parts
V(q) =  1
3
f 2NN
m2

1  2q2
q2 +m2
+
S12(q^)q
2
q2 +m2

1  2 : (3.17)
Here, S12(q^) is the tensor operator
S12(q^) = 31  q^2  q^  1  2 : (3.18)
As we know, the expectation value of the tensor operator is zero at the Hartree-Fock level
for a spin-saturated system. We should discuss the tensor eect of pion in the higher-order
terms of the perturbation theory. They are called as the iterated one-pion-exchange Hartree
and Fock terms in Ref. [69], which can be expressed in the following Feynman diagrams.
Figure 3.4: The iterated one-pion-exchange Hartree and Fock diagrams. The left-hand gure is the
Hartree diagram and the right hand one is the Fock diagram.
To evaluate the energy contribution from the iterated one-pion-exchange term, we would
like to write the matrix elements of OPEP as,
V k1;k2;k01;k02 =
1
(2)3
(3)(k1 + k2   k01   k02)V(q) (3.19)
=   1
3(2)3
f2NN
m2
(3)(k1 + k2   k01   k02)[C1  2 + TS12(q^)]1  2 ;
where q = k01   k1 = k2   k02 and
C = T =
q2
q2 +m2
: (3.20)
Therefore, the energy per particle arising from the Hartree contribution of iterated one-pion-
exchange is,
E
[2]
H =
1
2V
Z
 
d3k1d
3k2d
3k01d
3k02
P
spin, isospin jV k1;k2;k01;k02 j
2
"k1 + "k2   "k01   "k02
; (3.21)
where  is the baryon density and V the volume of nuclear matter. The single particle
energies "k occurring in the energy denominator are simple kinetic energies k
2=2M . M is the
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nucleon mass, while the integration region   is limited by the Pauli principle, jk1j; jk2j < kF
and jk01j; jk02j > kF , which means that two states are above the Fermi surface and the other
two states are below the Fermi surface. After taking the summation of spin and isospin
operators with plane wave functions in Eq. (3.21), the energy E
[2]
H can be rewritten as,
E
[2]
H =
4MTHf
4
NN
3(2)8m4
Z 1
0
(C2 + 2T 2)IH(q)q
2dq : (3.22)
Here, TH is the result of summation of the isospin operator. Its value depends on the isospin
channel:
TH =
(
12 for symmetric nuclear matter;
1 for pure neutron matter
(3.23)
and IH(q) is the integration related with the Pauli principle,
IH(q) =
Z
 
d3k1d
3k2
q  (q+ k1   k2) ; (3.24)
where the region of integration   is given by
  =
(
jki  qj > kF
jkij < kF
i = 1; 2 ; (3.25)
where kF is the Fermi momentum. The integration about IH(q) can be expressed in the
analytical form,
IH(q) =
8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:
2k4F
x

(58  80 ln 2)x2
15
  2x
4
5
+
8
15
ln
 
1  x2
+

x  2x
3
3
+
x5
5

ln

1 + x
1  x

; if x  1;
2k4F
x

44x
15
+
8x3
15
+

 8x
3
3
+
8x5
15

ln

1  1
x2

+

8
15
  8x
2
3

ln

x+ 1
x  1

if x > 1 :
Here we have dened x = q=2kF .
The energy per particle in Eq. (3.22) is divergent when the integral upper limit q is
taken to the innite. Therefore it is necessary to introduce a form factor for the OPEP to
regularize this integration. We choose a monopole form factor for the vertex between the
pion and nucleon,
F(q) =
2  m2
2 + q2
; (3.26)
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where  is the cut o momentum. From Eq. (3.22), we nd that in nuclear matter for the
Hartree diagram of iterated one-pion-exchange term, the tensor contribution of pion (related
with T ) is twice of spin-spin central force (related with C). Furthermore, the tensor eect is
much smaller in neutron matter than in symmetric nuclear matter due to the isospin factor.
In a similar way, we can discuss the Fock energy contribution per particle from the
diagram at the right in Fig. 3.4. It is written as,
E
[2]
F =
1
2V
Z
 
d3k1d
3k2d
3k01d
3k02
P
spin, isospin V

k1;k2;k01;k
0
2
V k02;k01;k1;k2
"k1 + "k2   "k01   "k02
; (3.27)
where the exchange momentum for V k02;k01;k1;k2
, is changed as q0 = q+ k01   k02. After taking
the spin and isospin sum in Eq. (3.27) and using the momentum conservation in intermediate
states, we obtain
E
[2]
F =
MTFf
4
NN
2(2)9m4
Z
d3q
Z
 
d3k1d
3k2
q  (q+ k1   k2)

4TT 0(q^  q^0)2   2
3
(CC 0 + 2TT 0)

:(3.28)
Here, C 0; T 0 have the same expressions as C; T but with q replaced by q0 = q+ k1   k2 and
the isospin factor TF is,
TF =
(
  6 for symmetric nuclear matter;
1 for pure neutron matter:
(3.29)
q^  q^0 represents the cosine of the angle between q and q0. The second integration of the Fock
term over the region   in Eq. (3.28) can not be written in an analytical form like the Hartree
term anymore in the case with the Pauli principle on the exchanged momentum q0. Hence,
we obtained it by numerical calculation in the cylindrical coordinates which reduces to a 6-
dimensional integration over the radius, height and angles. We reproduce the results of the
analytical expression for the case of an abrupt momentum cuto [69] with the above method.
Now the relation between the tensor contribution and the spin-spin central contribution is
not so obvious. We can only discuss them based on the numerical results.
We show the total tensor contributions from the iterated one-pion-exchange Hartree and
Fock diagrams for neutron matter and symmetric nuclear matter in Fig. 3.5. The pion
coupling constant is xed as f 2NN=4 = 0:08 and  = 1000 MeV in the form factor of
the pion-nucleon vertex. We nd that the tensor contribution in neutron matter is much
smaller than the one in symmetric nuclear matter. There are two reasons which cause this
large dierence. The rst one is the isospin factor TH , which for neutron matter is 1/12
of symmetric nuclear matter value for Hartree diagram. The second one is that the tensor
contribution to Fock term is repulsive which is opposite to the Hartree term in neutron
matter, while this contribution to Hartree and Fock term are both attractive in symmetric
nuclear matter. Therefore, we may drop the tensor eect in the discussion of neutron matter
and treat the many body system in a simple framework as the Hartree-Fock theory.
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Figure 3.5: The tensor contribution of iterated one-pion-exchange terms. The solid curve denotes
the tensor contribution for neutron matter, while the dashed curve denotes the one for symmetric
nuclear matter. We take  = 1000 MeV in the form factor.
Next, we construct the Hartree-Fock theory in the unitary correlation operator method
(UCOM) with the non-relativistic framework. We still adopt the Lagrangian of Bonn po-
tential, Eq.3.10. The correlation in the potential part is similar to that in RHFU model.
However, the short range correlation does not have a simple form for the kinetic energy
part in non-relativistic framework. Because the unitary operator u(i; j) has an eect for the
relative momentum, we need to separate the kinetic energy of two particles into relative and
center of mass energy,
Ti + Tj =
q2
M
+
(pi + pj)
2
4M
: (3.30)
The UCOM operator just correlates the part which is related with the relative momentum,
q = (pi   pj)=2. More details can be found in section 2 of Ref. [61]. Here, we directly give
the kinetic energy operator modied by the correlation operator:
T [2] = uy(i; j)(Ti + Tj)u(i; j)  (Ti + Tj) (3.31)
= qyr
1
M

1
R
02
+
(r)  1

qr +
1
M

1
R2+(r)
  1
r2

L2 + w(r) ;
where qr is the radial component of relative momentum, qr =
1
r
r  q, L = r q the angular
momentum and r = jr1   r2j the relative distance. The function w(r) comes from the
commutation between the momentum operator and R+(r),
w(r) =
1
MR02+(r)
 
2
R00+(r)
rR0+(r)
  5
4

R00+(r)
R0+(r)
2
+
1
2
R000+(r)
R0+(r)
!
: (3.32)
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Now, we can obtain the ground-state energy per particle in Hartree-Fock approximation
with UCOM correlation,
EHFU
A
=
3
10
k2F
M
+
1
A
AX
i<j
hijjeVijjijiA: (3.33)
Here, hijjeVijjijiA means the anti-symmetrized two-body matrix element of operator eVij taken
with the single particle plane wave functions,
jii = 1p
V
exp(iki  r)
 jsi 
 jti; (3.34)
where jsi and jti represent the eigenstates of spin and isospin.
As dened in Eq. (3.8), there are three parameters, ;  and , when we consider the
short range correlation of realistic NN interaction. We determine them by minimizing the
energy per particle of whole system with variational principle,
@3(EHFU=A)
@@@
= 0: (3.35)
In this way, we have constructed the non-relativistic Hartree-Fock model with UCOM
(HFU), where we do not have any free parameters.
The three-body interaction is very important to provide the saturation properties in
a microscopic calculation in the non-relativistic framework [14, 77]. We shall introduce
the Urbana three nucleon interaction (TNI) [78], which contains two terms: the two-pion
exchange part V 2ijk from the Fujita-Miyazawa model [79], and the repulsive part V
R
ijk due to
the relativistic eect,
Vijk = V
2
ijk + V
R
ijk : (3.36)
Now, the Hamiltonian of the whole system is given by,
H =
AX
i=1
Ti +
AX
i<j
Vij +
AX
i<j<k
V 2ijk +
AX
i<j<k
V Rijk : (3.37)
The three nucleon interaction part can be written explicitly as,
V 2ijk = A2
X
cyclic

fXij;Xikgfi  j; i  kg+ 1
4
[Xij;Xik][i  j; i  k]

; (3.38)
V Rijk = AR
X
cyclic
[T (rij)]
2[T (rik)]
2
with
Xij = Y (rij)i  j + T (rij)Sij : (3.39)
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Here, f; g and [; ] denote the anti-commutator and commutator, respectively. The functions
Y (r) and T (r) are radial functions related with the Yukawa and tensor part of the one-pion
exchange interaction including a form factor,
Y (r) =
e mr
mr
[1  exp( br2)] ; (3.40)
T (r) =

1 +
3
mr
+
3
m2r
2

e mr
mr
[1  exp( br2)]2 ;
where b = 2:0 fm 2.
Now, the correlated potential after short range correlation is written as,
eV = CyVijC + CyVijkC + Cy(Ti + Tj)C   (Ti + Tj) : (3.41)
For the three-body interaction, we take the two-body correlation in UCOM part. The
Urbana TNI Vijk can be separated as the product of two two-body interactions, V
[3]
ij and
V
[3]
ik . Therefore, the short range correlation on the TNI yields,eVijk = CyVijkC = CyV [3]ij CCyV [3]ik C = eV [3]ij eV [3]ik ; (3.42)
where, we have used the unitary property of the short range operator C.
Finally, the energy per particle in the HFU model with three-body interaction is obtained:
EHFUT
A
=
3
10
k2F
M
+
1
A
AX
i<j
hijjeVijjijiA + 1
A
AX
i<j<k
hijkjeVijkjijkiA : (3.43)
Because there is a cyclic symmetry in the interaction of V 2ijk and V
R
ijk, the expectation value
of the three-body interaction in Eq. (3.43) can be simplied,
AX
i<j<k
hijkjeVijkjijkiA = AX
i;j;k

1
6
hijkjeVijkjijki   1
2
hijkjeVijkjikji+ 1
3
hijkjeVijkjkiji : (3.44)
More detailed expression for the energy contribution of the Urbana TNI in nuclear matter
with plane wave function is described in detail in Ref. [80]. The only dierence with this
work appears in the treatment of the short range correlation on the three-body interaction.
The tensor eect is very small in neutron matter. It should be a good approximation to
consider only the short range correlation. We adopt the Bonn-A potential as a realistic NN
interaction which is constructed by exchanging six non-strange mesons with masses below 1
GeV. The meson masses, meson-nucleon coupling constants and cut-o masses in the form
factor are taken from Table VI of Ref. [11]. We plot the EOS of pure neutron matter from
the HFU model in Fig. 3.6. We nd that it compares very well with the calculation of
the variational method with the AV18 potential including the relativistic boost correction
(v) [14]. This success is based on the following two points. The rst one is that the
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UCOM takes the reasonable short range correlation into account for the Bonn-A potential
and the contribution of the tensor interaction can be neglected for neutron matter. The
other one is that the HFU model with the Bonn potential includes the relativistic boost
eect automatically. Actually, we have the similar framework to the relativistic mean eld
approximation in the HFU model except for the kinetic energy part. Forest et al. have proved
that the boost corrections for the meson-exchange potential, obtained from the relativistic
mean eld model are in agreement with the results of v [76]. The relativistic boost correction
coming from the NN interaction is described in the framework where the total momentum
Pij = pi+pj is zero. However, there is no such constraint when we calculate the energy in the
framework of the relativistic mean eld approximation. Furthermore, the meson-exchange
potentials contain the Dirac spinors which take care of the relativistic eect.
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Figure 3.6: The EOS of neutron matter with the HFU model as a function of density. The solid
curve is the result of the HFU model with the Bonn-A potential. The triangles are the EOS from
the variational method with the AV18 potential.
Although we reproduce the results of the variational calculation for neutron matter with
the two-body realistic NN interaction, Bonn Potential, this EOS is still too soft in the high
density region. An additional repulsive contribution should be introduced. It can be obtained
from the Z graph of the  meson exchange through nucleon-antinucleon excitation in the
RBHF theory. However, we would like to adopt a phenomenological three-body interaction,
Urbana three-nucleon interaction (TNI), following the variational method. The EOS of pure
neutron matter in the HFU model with a three-body interaction (HFUT) is given in the (a)
panel of Fig. 3.7. The strengths of the Urbana TNI, A2 and AR, are chosen as the same
values as the UIX* in Ref. [14], which have values A2 =  0:0293 MeV and AR = 0:630:048
MeV.
In beginning of this section, we have shown that the tensor contribution and even the
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Figure 3.7: The EOS of neutron matter with the HFUT model and the UCOM parameters. In
panel (a), the solid curve is the results of the HFUT model. The square points are the EOS in the
variational method with the AV18 potential and three-body interaction. In panel (b), the UCOM
parameters are shown with the HFUT model for neutron matter.
central spin-spin interaction of the pion in neutron matter are both suppressed by the isospin
factor. For the 2 exchange part of the Urbana three-body interaction, a similar suppression
eect of the pion matrix elements is present. Its eect can be neglected compared with
the contribution from the repulsive term. Therefore, for consistency with the two-body
interaction, we also drop the 2 term of the three-body interaction. The solid curve in the
(a) panel of Fig. 3.7 represents the EOS of neutron matter in the HFUT model without
the term V 2ijk , which is 20 times smaller than that of the repulsive three-body interaction in
the present calculation. We nd that our results almost reproduce those of the variational
method with the AV18 potential and the Urbana three-body interaction [14].
In the (b) panel of Fig. 3.7, we show the UCOM parameters, ;  and , as a function
of density in the HFUT model for neutron matter. These parameters are obtained by
minimizing the ground state energy with variational principle. The minimization of the
binding energy is obtained by the competition between the short range correlation on the
kinetic energy and the potential energy. The short range correlation eect on the kinetic
energy is repulsive, while it is attractive for the NN interaction energy. Finally, they cancel
each other and minimize the binding energy. In the high density region, these parameters
change gradually with the density and are not stabilized. This is because the three-body
interaction is inuenced largely by the short range correlation. In the high density region,
the repulsive contribution of the three-body interaction, for which the UCOM plays a very
important role, becomes large.
Although we know that the present model should not work for symmetric nuclear matter,
we would like to see how far the properties of nuclear matter dier from the full model. In
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Figure 3.8: The EOS of nuclear matter with the HFU model and the UCOM parameters for
symmetric nuclear matter. In panel (a), the dashed curve is the EOS of symmetric nuclear matter
without the short range correlation in the Hartree-Fock approximation, while the solid curve is the
result of the HFU model. Shown in panel (b) are the UCOM parameters as functions of density.
Fig. 3.8, we show the EOS of symmetric nuclear matter with the Bonn-A potential for
HFU model. In the (a) panel, we compare the results of symmetric nuclear matter with and
without the short range correlation in the Hartree-Fock theory. The realistic NN interaction
cannot bind the system of symmetric nuclear matter due to the strong repulsive eect at
short distance. The UCOM eect can largely cut down the repulsive eect at short distance
and make the symmetric nuclear matter bound. This correlation eect becomes larger with
the density. However, the saturation properties of symmetric nuclear matter in the HFU
model, E=A =  12:66 MeV and 0 = 0:33 fm 3, are far from the empirical values. This
is caused by the omission of the tensor eect in the Hartree-Fock model, which is very
important as shown in the beginning part of this section for symmetric nuclear matter. We
also give the corresponding UCOM parameters, ;  and , as functions of density in the (b)
panel. They change slightly in the low density region and become more stable in the high
density region comparing with the case of three-body interaction.
We also apply the HFUT model for symmetric nuclear matter in Fig. 3.9. The solid curve
shows the EOS of symmetric nuclear matter with UIX* three-body interaction. Its strong
repulsive eect makes the binding energy of nuclear matter very small. The binding energy
is  3:38 MeV at saturation density, 0 = 0:1 fm 3, which is not the reasonable saturation
properties. While, the saturation properties are E=A =  16:0 MeV at 0 = 0:16 fm 3,
which are consistent with the experiment data, as being shown as the symbol of squares for
variational method [14] in Fig. 3.9. This dierence is caused by the tensor force. Therefore, in
symmetric nuclear matter, the tensor eect is very important for the saturation mechanism;
however, it can not be included in the Hartree-Fock framework for nuclear matter.
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Figure 3.9: The EOS of nuclear matter with the HFUT model for symmetric nuclear matter. The
solid curve is the results of HFUT model with the Urbana TNI, UIX*. The symbols of squares are
the EOS from the variational method with the AV18 potential and three-body interaction.
3.4 Relativistic Hartree-Fock model with Jastrow correlation func-
tion method
In RHFU model, the energy contribution from the short range correlation on the kinetic
energy is found negligibly small comparing with the one in the non-relativistic calculation
as shown in chapter 3.3 . A few years ago, Panda et al. extended the Jastrow correlation
function method into the relativistic case with a phenomenological Lagrangian, Walecka
model, in relativistic Hartree-Fock (RHF) framework [81, 82, 83]. In these works, the meson
coupling constants and the short range eect are determined by reproducing the reasonable
saturation properties of nuclear matter. The eect of short range correlation on kinetic
energy is signicant in such studies which has the similar magnitude as the one from the
UCOM in the non-relativistic case.
Hence, the intention of this section is to study the properties of nuclear matter with the
Jastrow correlation function method in the RHF model where the realistic NN interaction,
boson exchange potential can be treated.
In the variational method, one introduces a correlation function on the wave function
[14] to treat this short range eect,
j	i = F ji; (3.45)
where the correlation factor F is, in general, an n body operator which can be separated
into a two-body, a three-body part, etc. Now the energy density is ,
Ec = hjF
yHF ji
hjF yF ji : (3.46)
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However, we restrict our study to the two-body correlated problem. Therefore, the
correlation factor F is chosen to be the production of two-body correlation functions f(rij)
F =
AY
i<j
f(rij); (3.47)
The f(rij) is also called as Jastrow correlation function [12]. In usual case, it has some
parameterized form and should go to zero for small rij, because of the repulsive core. Mean-
while, f(rij) is required to approach unity at large rij. Furthermore, a natural choice from
the unitary property of correlation factor is a normalization constraint on f(rij),Z
d3rij[f
2(rij)  1] = 0: (3.48)
With this constraint, the correlated energy density becomes,
Ec = 1
V
hj eHji: (3.49)
where, the explicit form of correlated Hamiltonian, eH, is
eH = AX
i
Ti +
1
2
AX
i;j
eVij (3.50)
=
AX
i
Ti +
1
2
AX
i;j
ff y(rij)[Ti + Tj + Vij]f(rij)  (Ti + Tj)g:
Now, the correlated energy density can be decomposed into the kinetic energy part and
potential energy part, hV i. The kinetic energy part is related with the one-body kinetic
operator hT i and the two-body operator with correlation function hTci,
hT i+ hTci = 
2
Z kF
0
p2dp[pP^ +MNM^ ] + CB

2
Z kF
0
p2dp[pP^ +MNM^ ] (3.51)
  2
(2)4
Z kF
0
p2dpp02dp0f[pP^ (p) + 2MNM^(p)]I(p; p0) + p0P^ (p)J(p0; p)g;
where the last two terms are generated by the Hartree and Fock approximation of Tc and
C =
R
d3x[f 2(r)  1].  is the isospin degeneracy. For symmetric nuclear matter,  = 2 and
for pure neutron matter,  = 1. P^ and M^ are dened as
P^ (p) =
p(p)
E(p)
; M^(p) =
MN(p)
E(p)
: (3.52)
The potential energy hV i can be split into its Hartree contribution, hVHi, and Fock contri-
bution, hVF i. The pseudo-vector mesons do not contribute in the Hartree approximation.
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We therefore have the result for hVHi as,
hVHi =  
eF(0; 0)
2
(pS + 
p
S)
2  
eF(0; 0)
2
(pS   nS)2 (3.53)
+
eF!(0; 0)
2
(pB + 
n
B)
2 +
eF(0; 0)
2
(pB   nB)2:
The proton and neutron cases are distinguished by the superscript, p and n. For instance,
the Fock contribution from  meson, hV F i, is given by,
hV F i =

2(2)4
Z kF
0
pdpp0dp
h
~A(p; p
0) + M^(p)M^(p0) ~B(p; p0) + P^ (p)P^ (p0) ~C(p; p0)
i
:(3.54)
Here, the ~Ai; ~Bi; ~Ci; I; J and Fi are exchange integral related with potential which are listed
as following,
eFi(k; k0) = Z f(r)Vi(r)f(r)ei(k k0)rd3r; (3.55)
I(k; k0) =
Z
16r2dr[f2(r)  1]j0(kr)j0(k0r);
J(k; k0) =
Z
16r2dr[f2(r)  1]j1(kr)j1(k0r);
~Ai(k; k
0) = ~Bi(k; k0) =
Z
16r2dr[f(r)Vi(r)f(r)]j0(kr)j0(k
0r);
~Ci(k; k
0) =
Z
16r2dr[f(r)Vi(r)f(r)]j1(kr)j1(k
0r):
Here j0(r) = sin(r)=r and j1(r) = sin(r)=r
2   cos(r)=r are the zeroth-order and rst-order
spherical Bessel functions, respectively. Vi(r) is the representation in the coordinate space
of corresponding meson exchange interaction.
There are also similar structures for the contribution from other mesons. Finally, the
total energy density is obtained as,
Ec = hT i+ hTci+ hVHi+
X
i
hV iF i: (3.56)
Usually, several free parameters, c1; c2; : : : ; ci, still appear in the correlation function f(r)
after we consider the constraints which are mentioned before. We would like to determine
these parameters by variational principle with the energy density,
@Ec
@ci
= 0: (3.57)
The coupling constants between the nucleon and meson and corresponding cut-o mo-
menta in our model have been xed by the NN scattering data of Bonn-A potential [31].
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There are only the variable parameters left in the Jastrow correlation function f(r). We
would like to assume that it can be written in the following form,
f(r) = 1  (c0 + c1r + c2r2 + c3r3)e c4r; (3.58)
where the exponential term makes f(r) unity at large distance. With the constraint as
mentioned above, c0 = 1 is taken to deal with the strong repulsion at r = 0. Furthermore,
we also should ensure the monotonously increasing property of this function at short distance,
f 0(0)  0: (3.59)
Then, we can calculate the binding energy of nuclear matter after determining the remaining
parameters with variational principle. The minimal value of the total energy should appear
at f 0(0) = 0 and f 00(0) = 0 with the constraint (3.59) to keep the Jastrow correlation function
increasing at short range. Therefore, we can obtain the relations between c1; c2 and c4 as
following,
c1 = c4; c2 =
c24
2
: (3.60)
Now, there is only one parameter, c4, in the actual calculation. Because, the parameter c3
will be xed by the normalization condition of Jastrow correlation function as Eq. (3.48).
The EOSs of asymmetric nuclear matter are showed in Fig. 3.10 at dierent asymmetry
parameters  = (n  p)=(n+ p) for the relativistic Hartree-Fock model with Jastrow cor-
relation function (RHFJ). It means that  = 0 and  = 1 correspond to symmetric nuclear
matter and pure neutron matter, respectively. The saturation properties of symmetric nu-
clear matter in RHFJ model are not consistent with the empirical data. Other microscopic
calculations also have the similar problem [14, 11]. It is well known that the tensor inter-
action can not provide any contribution for the spin-saturation matter at the Hartree-Fock
level. Because of losing the attractive eect from the tensor force, the binding energy per
particle of symmetric nuclear matter at saturation density in RHFJ model, E=A =  11:65
MeV, is smaller than the experimental value, E=A   16 MeV. In Table 3.2, we give the
parameter, c4, and the saturation properties of symmetric nuclear matter calculated by the
RHFJ model.
c4 [fm
 1]  [fm 3] E=A [MeV] K [MeV] a4 [MeV] Tc=A [MeV]
6.701 0.192 -11.66 264 37.88 6.57
Table 3.2: Parameter and ground state properties of nuclear matter at saturation density.
The energy contribution from the short range correlation on the kinetic energy is 6:57
MeV at the saturation density in RHFJ model, which is much larger than the one, 0:5 MeV,
in the RHFU model. The larger repulsive contribution from the short range correlation on
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kinetic energy is in favor of canceling with the strong attractive eect through the Jastrow
correlation function cutting down the strong repulsion between the NN interaction at short
distance, so that we can obtain the minimal value of binding energy by the variational
principle.
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Figure 3.10: The binding energies per particle as a function of density for asymmetric nuclear
matter.
To study the characters of dierent short range correlation methods, we plot the EOSs
of pure neutron matter for the RHFJ model, RHFU model and RBHF model [68] by using
the Bonn-A potential in Fig. 3.11. We obtained almost the same results for the RHFU
and RBHF models. However, the binding energy of pure neutron matter in RHFJ model
contains more repulsive eect than the ones in the other two methods. We have noticed that
the short range correlation on the kinetic energy is much stronger in the RHFJ model than
the RHFU model. Therefore, we believe that the extra contribution in the RHFJ model is
generated by the short range correlation on the kinetic energy. We will discuss particularly
on this point later.
We also give the only parameter, c4, in the Jastrow correlation function as a function of
the density for pure neutron matter in the (a) panel of Fig. 3.12. However, we x the eect
of the short range correlation with density in the RHFU model, because the short range
correlation eect on the kinetic energy is so small that there does not exist a minimum value
of binding energy by variation with UCOM parameters. It is obvious that the eect of the
short range correlation is stronger for the smaller c4 in the form of Eq. (3.58) for the Jastrow
correlation function. Therefore, the short range correlation becomes stronger at high density.
The correlated wave functions are shown for the RHFJ and RHFU models in the (b) panel
of Fig. 3.12, where the uncorrelated wave function is assumed to be a constant,  = 1. Here,
the weakest short range correlation is chosen as c4 = 7:867 in RHFJ model, while its eect is
still stronger than the one in UCOM. Their mechanisms on the short range correlation are
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Figure 3.11: The EOSs of pure neutron matter. The solid curve represents the results of the RHF
model with Jastrow function (RHFJ). The dashed curve is for the RHFU model and the full-squares
are for RBHF.
not exactly the same.
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Figure 3.12: The parameter c4 as a function of the density and correlated wave function. In the
(a) panel, the solid curve denotes the parameter c4 in the Jastrow factor. In the (b) panel, the
solid curve and dashed one correspond the Jastrow correlated wave function and UCOM correlated
wave function for unity wave function, respectively.
The short range correlation on the kinetic energy in RHFJ model is removed to nd the
relation between the RHFJ model and the RHFU model, because this correlation is very
small in the RHFU model. Now, we can not determine the parameter, c4, in the Jastrow
correlation function by the variational principle anymore. There is no competition between
the short range correlation on the kinetic energy and the NN interaction. The binding
energy of a nuclear system keeps decreasing as the short range correlation becomes stronger.
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Therefore, we would like to x c4 at the value where the short range correlation is the
weakest in the previous complete calculation, namely c4 = 7:867. The detailed results are
given in Fig. 3.13. We nd that the EOSs in the RHFJ model after removing the short range
correlation on the kinetic energy are almost identical with the ones in the RHFU model. It
demonstrates that the short range correlations on the NN interaction are identical between
the Jastrow correlation function method and the UCOM. The dierence of them in Fig. 3.11
is due to their eects on the kinetic energy.
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Figure 3.13: The relation between the RHFJ and RHFU models. The EOSs of symmetric nuclear
matter and pure neutron matter in the RHFJ model after removing the short range correlation on
the kinetic energy (RHFJMK) are shown by the circle and square symbols, while the ones in the
RHFU model are denoted by the dashed and solid curves, respectively.
Furthermore, in the RBHF model, there is no obvious term about the short range corre-
lation on the kinetic energy. All the eect of the short range correlation is concentrated in
the G-matrix of the Bethe-Goldstone equation. But this equation is just used in the P space
in the Feshbach representation, while the correlation of Q space on the kinetic energy is not
included in the RBHF model. Therefore, its result can be completely compared with the
one in RHFU model where the short range correlation on the kinetic energy is very weak.
Although the UCOM correlation on the kinetic energy is not so obvious in the relativistic
case, its eect in the non-relativistic kinetic energy becomes not negligible, because there
are no spin operators in the non-relativistic kinetic operator as we showed in last section.
We show the energies per particle from the short range correlation on kinetic energy as a
function of density in the RHFJ and NHFU models in Fig. 3.14. Their values are very
similar below  = 0:25 fm 3. Then, the dierence of hTci=A between the relativistic and
non-relativistic cases increases with the density. The contribution in the non-relativistic
case is only about 70% of the relativistic case at  = 0:5 fm 3. This relativistic eect, which
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Figure 3.14: The energy per particle from the short range correlation on the kinetic energy. The
solid curve denotes the short range correlation contribution in the RHFJ model. The dashed curve
corresponds the correlation energy in the non-relativistic HFU case.
provides more repulsive contribution, can be interpreted as coming from virtual nucleon-
antinucleon excitations in the many-body Z graph process.
3.5 Conclusion
In summary, we have successfully built a framework to deal with neutron rich matter with
a realistic nucleon-nucleon interaction. For this, it was essential to include the short range
correlation in terms of the unitary correlation operator method (UCOM) in the RHF model.
With the form factor of the nucleon-nucleon interaction, we have completely reproduced
the EOS of pure neutron matter in RBHF model with Bonn-A potential. The RHFU model
turned out to be good until the asymmetry parameter   0:8 compared with the calculation
of RBHF theory. As the asymmetry parameter  is decreases and the system approaches
symmetric nuclear matter, we have found that the deviations of the EOS's become larger and
larger in particular in the low density region. The RHFU model works well for neutron-rich
matter with the asymmetry parameters  above 0.8. This is related with the construction of
the RHFU model, which does not include the tensor interaction. The tensor interaction is
indispensable for symmetric nuclear matter. We have studied the EOS's dependence on the
interaction. As for the neutron matter, the results are not much dierent among Bonn-A,
Bonn-B and Bonn-C potentials. On the other hand, for the symmetric nuclear matter these
three potentials provide quite dierent EOS's. This is related with the fact that the tensor
interactions are dierent among the three potentials.
It is very important to nd that the RHF model with the UCOM is able to reproduce the
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EOS's of neutron-rich matter of the sophisticate RBHF theory by using the bare nucleon-
nucleon interaction. It is then straightforward to calculate EOS's in various situations as
nite temperature and higher densities within the RHFU model for neutron-rich matter.
We are able also to calculate the neutrino reaction rates in neutron-rich matter, which are
necessary for formation of hot neutron star in the course of supernova explosion. In the
region where experimental data are available for smaller asymmetry parameter  < 0:5, we
may introduce several parameters for the coupling constants of the Lagrangian in the RHFU
model to be xed by experimental data.
We also have studied the properties of nuclear matter, especially pure neutron matter in
the non-relativistic Hartree-Fock theory with three-body interaction. We explain the role
of tensor force in the dierent isospin channels of nuclear matter by evaluating the iterated
one-pion-exchange diagram. The tensor force makes a very large attractive contribution to
symmetric nuclear matter, while its eect becomes very weak in neutron matter which has
only T = 1 nucleon pairs. Therefore, it is sucient to treat only the short range correlation
induced by the strong repulsive interaction of a realistic NN interaction in neutron matter.
The unitary correlation operator method (UCOM) has been adopted to treat the short
range correlation. We constructed the Hartree-Fock theory with UCOM (HFU) by using
the two-body meson-exchange potential, Bonn-A potential, which is a realistic NN interac-
tion tted to the phase shifts of NN scattering. It is necessary to introduce a three-body
interaction to improve the properties of nuclear matter in the microscopic calculation of
nuclear matter within a non-relativistic framework. We choose a phenomenological one, Ur-
bana three-nucleon interaction. The HFU model with three-body interaction was called the
HFUT model.
We have studied rst the EOS of nuclear matter with the Bonn-A potential in the HFU
model. For pure neutron matter, we have obtained a similar EOS to the variational method
using the AV18 potential with the relativistic boost eect. This success is based on the facts
that the tensor eect is very weak in neutron matter, as we have shown before, and that the
Bonn-A potential contains the relativistic boost eect in the framework of the HFU model.
To make the EOS of pure neutron matter harder, we also have performed calculations
in the HFU model by including a three-body interaction, UIX*, for neutron matter. In this
calculation, we include only the V Rijk three-body interaction and do not include the V
2
ijk three-
body interaction for consistency with the treatment of the two-body interaction without
inclusion of the tensor interaction for neutron matter. The HFUT calculation compares
nicely with the one in the variational method for neutron matter.
Although the present model is not sucient to discuss the symmetric nuclear matter,
we still want to nd how far the properties of symmetric nuclear matter in our model dier
from the full model. It indicates that the UCOM can largely cut down the strong repulsive
contribution of a realistic NN interaction for symmetric nuclear matter, making it bound
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in HFU model. However, the saturation properties are still a bit far from the empirical
values due to the lack of the tensor eect. The parameters, ;  and  in the UCOM are
obtained by minimizing the ground energy of the total system with the variational principle.
They changed somewhat at the low density region and become very stable in the high density
region. We also do not obtain good saturation properties for symmetric nuclear matter within
the HFUT model. We can not include the strong attraction from the tensor interaction in
the HFUT model. The binding energy of symmetric nuclear matter becomes very small at
the saturation point.
Furthermore, the Jastrow correlation function was applied to consider the short range
correlation induced by the strong repulsive interaction of a realistic NN interaction. We
formulated the relativistic Hartree-Fock model with Jastrow correlation function (RHFJ)
with the two-body meson-exchange potential, Bonn-A potential.
We have calculated the EOSs of asymmetric nuclear matter at dierent asymmetric pa-
rameters. The strength of Jastrow correlation function was determined by the variational
principle through the binding energy per particle is minimized with the parameters in the
Jastrow correlation function. The saturation properties were not exactly in accordance with
the empirical values. There was not enough attractive contribution to the binding energy in
the RHFJ model due to the lack of the tensor force contribution, which cannot be treated
at the Hartree-Fock level in a spin-saturated system. However, the short range correlation
on the kinetic energy becomes remarkable. This conclusion is quite dierent from another
short range correlation model for nuclear matter, RHFU model, where the contribution from
the short range correlation on the kinetic energy is very small, just about 1/10 of the one in
RHFJ model at the saturation density.
As we said before, the tensor eect is very weak in neutron matter, which has only
T = 1 nucleon pairs. It is sucient to consider only the short range correlation of a realistic
NN interaction in neutron matter. To discuss the characters between dierent short range
correlation methods, we have compared the EOS of pure neutron matter in the RHFJ,
RHFU and RBHF models. We found that the EOS of the RHFJ model had a more repulsive
eect as compared with the ones of the RHFU and RBHF models. This extra contribution
is generated by the short range correlation on the kinetic energy. Actually, the dierent
short correlation methods, the Jastrow correlation function method and the UCOM, on the
potential energy are completely the same, which can provide essentially an identical EOS
without the short range correlation on the kinetic energy in neutron matter.
The relativistic eect in the short range correlation on the kinetic energy was also dis-
cussed. The eects of the short range correlation on the relativistic kinetic operator is very
similar to the one on the non-relativistic kinetic energy operator at low density. Their dier-
ence becomes larger with the density. This relativistic eect, which provides more repulsive
eect, can be interpreted, as coming from virtual nucleon-antinucleon excitations in the
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many-body Z graph process.
According to these studies, we are aware that the tensor interaction is an essential ingre-
dient for the nuclear matter saturation. Usually, the pion is the most important component
in the realistic NN interaction. Thus, we try to include the tensor contribution of pion in a
chiral Lagrangian, which contains the Nambu-Goldstone particle, pion, through introducing
the 2 particle-2 hole (2p-2h) states in the nucleon ground state. Because this discussion is
just within the mean eld approximation, not in the RHF framework, it has been shown in
the Appendix C.
Chapter 4
Extended Brueckner-Hartree-Fock
theory
4.1 Brueckner-Hartree-Fock theory
As mentioned in the introduction, in the Brueckner theory the realistic NN interaction is
replaced by the reaction matrix G which sums over all the possible scattering processes of
two interacting nucleons into unoccupied stats, because of the strong repulsion and tensor
interaction between nucleons at short distance. This innite sum of ladder diagrams is
evaluated by solving the Bethe-Goldstone integral equation,
G(w) = V + V
Q
w  H0G(w); (4.1)
where the Pauli operator Q projects intermediate states onto unoccupied states, i.e. particle
states and V is a realistic NN interaction. If we dene the correlated wave function  in
terms of the uncorrelated wave function ,
G = V  ; (4.2)
then, we can obtain
 = +
Q
w  H0G: (4.3)
The ladder sum takes  with short-range correlations induced by the repulsive core. In
free space (Q = 1), G matrix reduces to the familiar scattering T matrix and  simply
corresponds to the exact scattering wave function.
In the lowest order many-body theory (Hartree-Fock approximation), the energy per
particle in nuclear matter at a Fermi momentum kF is written as,
E
A
=
1
A
X
i<kF
hijT jii+ 1
2A
X
i;j<kF
hijjG(w)jij   jii (4.4)
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with starting energy
w = "(i) + "(j) (4.5)
and "(i) is the single particle energy of hole occupied states (hole states),
"(i) = T (i) + U(i): (4.6)
The U(i) is the single particle potential which is calculated by,
U(i) =
8>><>>:
X
j<kF
hijjG(w)jij   jii; i < kF
0; i > kF
This choice produces a gap at Fermi surface (standard choice)[84]. Alternatively, a continu-
ous choice for U can be made[85],
U(i) = <
X
j<kF
hijjG(w)jij   jii (4.7)
for all states i below and above the Fermi surface.
The formulae involved in the Brueckner Hartree-Fock (BHF) theory in a more explicit
form and methods for their numerical calculation can be found in Refs.[86, 87, 88]. Some
results of BHF theory for nuclear matter will be shown later to compare with the one in our
model.
4.2 Extended Brueckner-Hartree-Fock theory
In the previous chapters, we have considered the short range correlation of realistic NN
interaction in pure neutron matter. We have also discussed the tensor eect for the sym-
metric nuclear matter with an eective chiral Lagrangian in appendix C. These works can
demonstrate that the tensor eect is very important for the mechanism of symmetric nu-
clear matter, while it becomes very week in pure neutron matter. In this chapter, we will
try to consider both of these eects in symmetric nuclear matter and pure neutron matter
to construct a new microscopic framework to deal with nuclear matter with realistic NN
interaction.
The pion contribution was taken care of through 2p-2h excited states in appendix C.
This idea comes from the tensor optimized shell model (TOSM). In the TOSM, the strong
tensor correlation can be treated in the shell model framework by introducing 2p-2h states
up to high excitations with compact congurations for nite nuclei. It is shown that there
is a good convergence of the tensor correlation with full tensor strength by taking enough
partial waves in 2p-2h states. Therefore, it is very interesting to extend the Hartree-Fock
CHAPTER 4. EXTENDED BRUECKNER-HARTREE-FOCK THEORY 65
model space to include 2p-2h states with spatially compact congurations to treat the tensor
correlation in the many-body theory.
Based on this point, recently Ogawa et al. [89] formulated a method to treat the tensor
correlation in a consistent manner to the nuclear many-body framework, where an extended
variational model space up to 2p-2h congurations plus Hartree-Fock model space is regarded
as the nuclear ground state. This extended ground state is determined by the variational
principle for an expectation value of the total Hamiltonian. It means that the present HF
single particle states are also self-consistently obtained under the minimization of the total
energy, namely in the model space including all the possible 2p-2h states. A new term
between 2p-2h states with the Hartree-Fock space is very similar to the one of the G-matrix
theory in an innite system as shown in chapter 1.3. Hence, this framework is named as an
extended Brueckner-Hartree-Fock (EBHF) theory. We would like to apply this theory on
the study of nuclear matter with a realistic NN interaction.
We start this section with the particle-hole picture. In the single-particle model, the
nuclear ground state is given by A nucleons occupying the lowest-available single-particle
states. If we arrange the indices in the order of increasing single-particle energy[60, 90],
"1 < "2 < : : : "A < "A+1 < : : : ; (4.8)
the lowest state of the A-nucleon system is
j	0i =
AY
i=1
cyi j0i; (4.9)
where cy is the creation operator in second quantization. The highest occupied state with
energy "A is the Fermi level. The expectation value of an operator O^ in the ground state
may then be written as
h	0jO^j	0i = h0jcA : : : c1O^cy1 : : : cyAj0i: (4.10)
To avoid a complicated expression, we can redene the ground state as the 'Fermi vacuum'.
The following relations are used for this vacuum,
cij	0i = 0; i > A (4.11)
cyi j	0i = 0; i  A: (4.12)
The simplest excited states will have one particle lifted from an occupied state into an
unoccupied one. They can be written as
j	mii = cymcij	0i; m > A; i  A: (4.13)
The state j	mii has an unoccupied level i, a hole below the Fermi energy, and a particle in
state m above the Fermi energy. For that reason, it is called a one-particle-one-hole (1p1h)
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state. The next more complicated type of excitation is a two-particle-two-hole (2p-2h) state
like,
j	kliji = cykcyl cicjj	0i; k; l > A; i; j  A: (4.14)
We introduce new particle and hole operators ai and bi related to the usual one via,
ci = (i  A)ai + (A  i)byi ; (4.15)
cyi = (i  A)ayi + (A  i)bi;
where the  function is the step function dened by
(A  i) =
(
1; if i  A;
0; if i > A
: (4.16)
Therefore, we can obtain the following relations about the particle and hole operators acting
on the Fermi vacuum j	0i,
aij	0i = bij	0i = 0; (4.17)
ayi j	0i = jiip; byi j	0i = jiih:
In this new notation, 1p-1h state and 2p-2h state are written as,
j	mii = aymbyi j	0i; m > A; i  A (4.18)
j	kliji = aykayl byibyjj	0i; k; l > A; i; j  A:
The Hamiltonian of many-body system in the second quantization with the usual represen-
tation has the form,
H = T + V (4.19)
=
X

hjT jicyc +
1
2
X

hjV jicycycc;
where the indices, ; : : : , include the quantum numbers of momentum, spin and isospin.
This Hamiltonian may be expressed in the particle-hole formalism as,
H =
X
;>F
hjT jiaya +
X
;<F
hjT jibby (4.20)
+
1
2
X
>F
<F
hjV jiayaybyby +
1
2
X
>F
hjV jiayayaa
+
1
2
X
>F
<F
hjV jibaybya +
1
2
X
>F
<F
hjV jibayaby
+
1
2
X
>F
<F
hjV jiaybbya +
1
2
X
>F
<F
hjV jiaybaby
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+
1
2
X
>F
<F
hjV jibbaa + 1
2
X
<F
hjV jibbbyby:
Here, F is the quantum number which corresponds the Fermi energy "A and we have already
neglected those terms which only contain one particle or one hole operator. Because, it is
very obvious to nd that these terms do not have contribution on the expectation value.
We construct a new nucleon ground state as a linear combination of Fermi vacuum (0p-
0h) and 2p-2p states in order to take care of the contribution of high momentum component,
above the Fermi momentum, in the nucleon-nucleon interaction,
j	i = C0j	0i+
X
m
Cmj2p  2h;mi (4.21)
The coecient, C0 and Cm, will be determined later and 2p-2h states are written as,
j2p  2h;mi = Nmaykayl byibyjj	0i: (4.22)
Here, Nm denotes the normalization constant, and to avoid non-orthogonal basis, we impose
the ordering condition, k < l and i < j. To facilitate the notation, we also use the following
convention:
 The indices i; j and their superscripted forms i0; j0 et., refer to the hole states.
 The indices k; l and their superscripted forms k0; l0 et., refer to the particle states.
The quantum number m species the 2p-2h states: m = ijkl. We consider that the new
nucleon ground states should be ortho-normalized. Therefore, the normalization condition
about the coecient has,
h	j	i = jC0j2 +
X
m
jCmj2h2p  2h;mj2p  2h;mi = 1: (4.23)
Now the expectation value of the Hamiltonian for the whole system becomes,
h	jHj	i = jC0j2h	0jHj	0i+
X
m
C0Cmh	0jHj2p  2h;mi (4.24)
+
X
n
C0C

nh2p  2h; njHj	0i+
X
m;n
CnCmh2p  2h; njHj2p  2h;mi:
The next step is evaluating all the matrix elements in the above equation.
To simplify the expression in the following part, we would like to use j0i and jmi instead
of j	0i and j2p  2h;mi,
j	0i = j0i (4.25)
j2p  2h;mi = jmi:
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We rst work out matrix elements of the many-body Hamiltonian between 0p-0h state,
h0jHj0i = h0jT j0i+ h0jV j0i: (4.26)
For the kinetic term, we have
h0jT j0i =
X
<F
hjT jih0jbbyj0i (4.27)
=
X
<F
hjT ji;
where we have used the property of annihilation operator of particle states, akj0i = 0, to
cancel the term for particle states. For the matrix elements of interaction, the same property
is applied so that there is only one term survived which is only formed by the hole operators,
h0jV j0i = 1
2
X
<F
hjV jih0jbbbybyj0i (4.28)
=
1
2
X
<F
hjV ji(   )
=
1
2
X
<F
[hjV ji   hjV ji]
=
1
2
X
<F
hjV jiA:
Here, we have dened a new notation,
jiA = ji   ji; (4.29)
to simplify the expression of matrix elements.
In the matrix elements of Hamiltonian between 0p-0h and 2p-2h states, the kinetic term
vanishes,
h0jT jmi = 0; (4.30)
which is caused by the fact that there are not enough annihilation operators in kinetic term
to make contraction with creation operators in 2p-2h states. Based on the same reason, only
one term exists in the matrix element of interaction,
h0jV jmi = Nm
2
X
<F
>F
hjV jih0jbbaaaykayl byibyjj0i (4.31)
=
Nm
2
X
<F
>F
hjV ji(kl   lk)(ji   ij)
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=
Nm
2
[hijjV jlki   hijjV jkli+ hjijV jkli   hjijV jlki]
=  NmhijjV jkliA
Now we calculate the matrix elements of Hamiltonian between two 2p-2h states,
hnjHjmi = hnjT jmi+ hnjV jmi: (4.32)
These terms are more complicated than those matrix elements above. First, we take the
kinetic term, which contains two pieces from the particle and hole operators. For the particle
part of kinetic term, we haveX
>F
hjT jihnjayajmi (4.33)
= NmN

n
X
>F
hjT jih0jbj0bi0al0ak0ayaaykayl byibyjj0i
= NmN

nii0jj0 [hk0jT jkill0   hk0jT jlikl0 + hl0jT jlikk0   hl0jT jkilk0 ]:
Because we have dened i < j; i0 < j0; k < l and k0 < l0, the contractions of hole operator do
not produce those pieces like ij0 . While for the hole term, it can be written asX
>F
hjT jihnjbbyjmi (4.34)
= NmN

n
X
>F
hjT jih0jbj0bi0al0ak0bbyaykayl byibyjj0i
= NmN

n
X
<F
hjT jiii0jj0kk0ll0
+NmN

nkk0ll0 [hijT jj0iji0   hijT ji0ijj0 + hjjT ji0iij0   hjjT jj0iii0 ]:
Next, we will evaluate the matrix elements of interaction one by one,
1
2
X
>F
hjV jih0jbj0bi0al0ak0ayayaaaykayl byibyjj0i (4.35)
=
1
2
X
>F
hjV jiii0jj0h0jal0ak0ayayaaaykayl j0i
=
1
2
X
>F
hjV jiii0jj0(k0l0   l0k0)(kl   lk)
=
1
2
ii0jj0 [hk0l0jV jkli   hk0l0jV jlki+ hl0k0jV jlki   hl0k0jV jkli]
= ii0jj0hk0l0jV j[kl]Ai;
1
2
X
>F
hjV jih0jbj0bi0al0ak0ayaybybyaykayl byibyjj0i = 0; (4.36)
CHAPTER 4. EXTENDED BRUECKNER-HARTREE-FOCK THEORY 70
which is caused by two extra creation operators and
1
2
X
<F
>F
hjV jih0jbj0bi0al0ak0baybyaaykayl byibyjj0i (4.37)
=  1
2
X
<F
>F
hjV jih0jbj0bi0bbybyibyjj0ih0jal0ak0ayaaykayl j0i
=  1
2
X
<F
>F
hjV ji(ii0jj0 + ij0ji0 + ji0ij0   ii0jj0
 jj0ii0)(k0kll0 + l0lkk0   k0lkl0   l0klk0)
=  1
2
ii0jj0
X
<F
[hk0jV jkill0   hk0jV jlikl0 + hl0jV jlikk0   hl0jV jkilk0 ]
 ji0 [hik0jV jkj0ill0   hik0jV jlj0ikl0 + hil0jV jlj0ikk0   hil0jV jkj 0ilk0 ]
 ij0 [hjk0jV jki0ill0   hjk0jV jli0ikl0 + hjl0jV jli0ikk0   hjl0jV jki0ilk0 ]
+ii0 [hjk0jV jkj0ill0   hjk0jV jlj0ikl0 + hjl0jV jlj0ikk0   hjl0jV jkj0ilk0 ]
+jj0 [hik0jV jki0ill0   hik0jV jli0ikl0 + hil0jV jli0ikk0   hil0jV jki0ilk0 ]:
For the following three terms, they also have similar results to Eq. (4.37). The dierence
appears just by changing the places of , ,  and .
1
2
X
<F
>F
hjV jih0jbj0bi0al0ak0bayabyaykayl byibyjj0i; (4.38)
1
2
X
>F
<F
hjV jih0jbj0bi0al0ak0aybbyaaykayl byibyjj0i;
1
2
X
>F
<F
hjV jih0jbj0bi0al0ak0aybabyaykayl byibyjj0i :
Then
1
2
X
<F
>F
hjV jih0jbj0bi0al0ak0bbaaaykayl byibyjj0i = 0 (4.39)
and
1
2
X
<F
hjV jih0jbj0bi0al0ak0bbbybyaykayl byibyjj0i (4.40)
=
1
2
X
<F
hjV jikk0ll0h0jbj0bi0bbbybybyibyjj0i
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=
1
2
X
<F
hjV jiAii0jj0kk0ll0   hijjV ji0j0iA
 1
2
kk0ll0
X
<F
[hijV ji0ijj0   hijV jj0iji0 + hjjV jj0iii0   hjjV ji0iij0 ]
+
1
2
kk0ll0
X
<F
[hijV ji0ijj0   hijV jj0iji0 + hjjV jj0iii0   hjjV ji0iij0 ]
+
1
2
kk0ll0
X
<F
[hijV ji0ijj0   hijV jj0iji0 + hjjV jj0iii0   hjjV ji0iij0 ]
 1
2
kk0ll0
X
<F
[hijV ji0ijj0   hijV jj0iji0 + hjjV jj0iii0   hjjV ji0iij0 ]
=
1
2
X
<F
hjV jiAii0jj0kk0ll0   hijjV ji0j0iA
 kk0ll0
X
<F
[hijV ji0iAjj0   hijV jj0iAji0 + hjjV jj0iAii0
 hjjV ji0iAij0 ]:
Finally, matrix elements of the total Hamiltonian between two 2p-2h states are written as,
hnjHjmi (4.41)
= NnNmii0jj0kk0ll0
"X
<F
hjT ji+ 1
2
X
<F
hjV jiA
#
+NnNmii0jj0
"
hk0jT jki+
X
<F
hk0jV jkiA
#
ll0
 
"
hk0jT jli+
X
<F
hk0jV jliA
#
kl0 +
"
hl0jT jli+
X
<F
hl0jV jliA
#
kk0
 
"
hl0jT jki+
X
<F
hl0jV jkiA
#
lk0

 NnNmkk0ll0
"
hijT ji0i+
X
<F
hijV ji0iA
#
jj0
 
"
hijT jj0i+
X
<F
hijV jj0iA
#
ji0 +
"
hjjT jj0i+
X
<F
hjjV jj0iA
#
ii0
 
"
hjjT ji0i+
X
<F
hjjV ji0iA
#
ij0

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+NnNm

ii0jj0hk0l0jV jkliA   kk0ll0hijjV ji0j0iA
+ji0 [hk0ijV jkj0iAll0   hk0ijV jlj0iAkl0 + hl0ijV jlj0iAkk0   hl0ijV jkj 0iAlk0 ]
+ij0 [hk0jjV jki0iAll0   hk0jjV jli0iAkl0 + hl0jjV jli0iAkk0   hl0jjV jki0iAlk0 ]
 ii0 [hk0jjV jkj0iAll0   hk0jjV jlj0iAkl0 + hl0jjV jlj0iAkk0   hl0jjV jkj 0iAlk0 ]
 jj0 [hk0ijV jki0iAll0   hk0ijV jli0iAkl0 + hl0ijV jli0iAkk0   hl0ijV jki0iAlk0 ]

The explicit matrix elements of kinetic energy and interaction have,
hjT ji =
Z
dx (x)T (x) (4.42)
hjV ji =
Z
dx1dx2 

(x1) 

(x2)V  (x2) (x1):
Here,  (x) is the single particle wave function which has the form of plane wave function
in nuclear matter,
 (x) =
1p
V
'(p; s; ) exp(ip  x); (4.43)
where s and  represent spin and isospin respectively. For the relativistic kinetic energy
operator, it is written as,
hjT ji = 1
V
Z
dx'(p; s; )e
 ipx( i r+M)'(p; s; )eip x (4.44)
= '(p; s; )(  p+M)'(p; s; )p;p
and
hjV ji = 1
V 2
Z
dx1dx2'
(p; s; )e ipx1'(p; s; )e ip x2V (x1   x2) (4.45)
'(p; s; )'(p; s; )e
ip x1eip x2
=
1
V 2
'(p; s; )'(p; s; )
Z
dx1dx2e
i(p p)x1ei(p p)x2V (x1   x2)
'(p; s; )'(p; s; )
=
1
V 2
'(p; s; )'(p; s; )
 Z
dx1dx2e
i(p p)(x1 x2)ei(p+p p p)x2
V (x1   x2)

'(p; s; )'(p; s; )
=
1
V
p+p ;p+p'
(p; s; )'(p; s; )V (p   p)'(p; s; )'(p; s; )
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=
1
V
p+p ;p+p'
(p; s; )'(p; s; )V (p   p)'(p; s; )'(p; s; ):
With these equations, we can simplify the matrix elements (4.41),
hnjHjmi (4.46)
= h0jHj0in;m + hnj eHjmi
= n;m
"X
<F
hjT ji+ 1
2
X
<F
hjV ji
#
+NnNm

ii0jj0kk0ll0("k + "l   "i   "j) + ii0jj0hk0l0jV jkliA   kk0ll0hijjV ji0j0iA
+ji0 [hk0ijV jkj0iAll0   hk0ijV jlj0iAkl0 + hl0ijV jlj0iAkk0   hl0ijV jkj 0iAlk0 ]
+ij0 [hk0jjV jki0iAll0   hk0jjV jli0iAkl0 + hl0jjV jli0iAkk0   hl0jjV jki0iAlk0 ]
 ii0 [hk0jjV jkj0iAll0   hk0jjV jlj0iAkl0 + hl0jjV jlj0iAkk0   hl0jjV jkj 0iAlk0 ]
 jj0 [hk0ijV jki0iAll0   hk0ijV jli0iAkl0 + hl0ijV jli0iAkk0   hl0ijV jki0iAlk0 ]

where the matrix element is split into two terms. The rst term is related with the ground
state h0jHj0i and the second term is completely dependent on 2p-2h states hnj eHjmi. Fur-
thermore, "k is the single-particle energies of the Hartree-Fock equation,
hkjT jli+
X
<F
hkjV jliA = "kkl: (4.47)
Therefore, the expectation value of many-body Hamiltonian (4.24) is written as,
h	jHj	i (4.48)
=
X
<F
hjT ji+ 1
2
X
<F
hjV jiA  
X
m
C0CmhijjV jkliA
 
X
n
C0C

nhk0l0jV ji0j0iA +
X
mn
CnCmhnj eHjmi:
The coecients in the nucleon ground state, C0; Cm should be determined by the varia-
tional principle,
 [h	jHj	i   E(C0C0 +
P
mC

mCm)]
Cm
= 0: (4.49)
where, E is the Lagrange multiplier, which corresponds to the total energy of the whole
system. Therefore, we can obtain a set of linear equations about C0 and Cm,
C0hmjHj0i+
X
n
CnhmjHjni = ECm (4.50)
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Furthermore, the hole state 'i (r) also should be obtained from the variational principle,
[h	jHj	i  Pi "i R d3r'i (r)'i(r)]
'i (r)
= 0; (4.51)
where "i is a Lagrange multiplier, which corresponds to a single particle energy of '

i (r).
Finally, we can make the self consistent calculation with Eq. (4.50) and (4.51) to obtain the
total energy of the whole system. We get a more explicit form about a hole state as,
@
@'i (r)
h0jHj0i+
X
m
C0Cm
@
@'i (r)
h0jHjmi+
X
m;n
CnCm
@
@'i (r)
hnj eHjmi (4.52)
= "i'i(r):
The rst term of Eq. (4.52) is the ordinary Hartree-Fock equation of single particle state,
@
@'i (r)
h0jHj0i = T jii+
X
j
hjjV jijiA; (4.53)
where, the term hjjV jijiA denotes the interaction matrix without the i state indicated by
a dot in the bra-state with the anti-symmetrization indicated by the sux A in the ket
side. While the non-diagonal matrix elements between the 0p-0 state and 2p-2h states are
expressed as before,
h0jHjmi =  NmhijjV jkliA: (4.54)
The variation for this non-diagonal term with single particle state is
@
@'i (r)
h0jHjmi =  NmhjjV jkliA: (4.55)
Now, the equation of motion for the single particle state is written as,
T jii+
X
j
hjjV jijiA   C0
X
m
NmCmhjjV jkliA +
X
m;n
CnCm
@H2p 2hnm
@'i (r)
= "ijii: (4.56)
This equation has the similar structure to that of the Brueckner-Hartree-Fock model and
we have abbreviated the matrix elements hnj eHjmi as H2p 2hnm . To continue calculations , we
need solve Eq.(4.50) for Cn,
Cn =
X
m
[En;m   hnjHjmi] 1hmjHj0iC0: (4.57)
We substitute this expression in Eq. (4.56) and nd the following equation, which does not
contain the coecients Cm,
T jii+
X
j
hjjV jijiA + jC0j2
X
m;n
@
@'i (r)
h0jHjmi 1
En;m   hnjHjmihnjHj0i (4.58)
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+jC0j2
X
m;n
h0jHjmi 1
En;m   hnjHjmi
@H2p 2hnm
@'i (r)
1
En;m   hnjHjmihnjHj0i = "ijii:
This equation can be expressed in a simpler way to compare with the ordinary Hartree-
Fock equation,
T jii+ @
P
ijhijj ~V jijiA
@'i
= "ijii; (4.59)
where we have dened a new eective potential ~V to replace the bare NN interaction V as,
~V = jC0j2V + jC0j2
X
m;n
h0jHjmi 1
En;m   hnjHjmihnjHj0i: (4.60)
When we derive this eective potential from Eq. (4.58), we should take care of a partial
derivative on the denominator part of the second term in Eq. 4.60.
Matrix elements between 2p-2h states are very complicated as we showed before. We
should take some approximation to simplify the numerical calculation when we apply this
framework to nuclear matter. The non-diagonal terms in 2p-2h matrix elements are removed
and we just keep the diagonal terms,
hnjHjmi = (h0jHj0i+ "k + "l   "i   "j)n;m (4.61)
= (h0jHj0i+ E2p 2h)n;m:
And the coecient Cn is now expressed as,
Cn = [E   (h0jHj0i+ E2p 2h)] 1hnjHj0iC0: (4.62)
With this approximation, the equation of motion for single particle state and the eective
interaction becomes,
T jii+
X
j
hjjV jijiA + jC0j2
X
m
@
@'i (r)
h0jHjmi 1
E   h0jHj0i   E2p 2h hmjHj0i (4.63)
+jC0j2
X
m
h0jHjmi 1
E   h0jHj0i   E2p 2h
@E2p 2h
@'i (r)
1
E   h0jHj0i   E2p 2h hmjHj0i = "ijii
and
~V = jC0j2V + jC0j2
X
m
jh0jHjmij2
E   h0jHj0i   E2p 2h : (4.64)
Now the total energy can be written as,
E = h0jHj0i+ 2jC0j2
X
m
jh0jHjmij2
E   h0jHj0i   E2p 2h (4.65)
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+jC0j2
X
m
jh0jHjmij2E2p 2h
(E   h0jHj0i   E2p 2h)2
The normalization condition of coecient Cm has,
jC0j2 + jC0j2
X
m
jh0jHjmij2
(E   h0jHj0i   E2p 2h)2 = 1: (4.66)
We can solve the many-body problem in nuclear matter though Eqs.(4.63)-(4.66) with
numerical calculation. To make this process more clear, we would like to make another
approximation,
E   h0jHj0i  0 and @E2p 2h
@'i (r)
(4.67)
which is taken by the perturbation theory. This approximation makes Eqs.(4.63)-(4.66) as,
T jii+
X
j
hjjV jijiA   jC0j2
X
m
@
@'i (r)
h0jHjmi 1
E2p 2h
hmjHj0i = "ijii (4.68)
E = h0jHj0i   jC0j2
X
m
jh0jHjmij2
E2p 2h
jC0j2 + jC0j2
X
m
jh0jHjmij2
E22p 2h
= 1:
These equations can be solved in the momentum space, where the quantum numbers, k; l; i; j,
takes corresponding momenta.
T jii+
X
j
hjjV jijiA   jC0j2
X
j;k;l
hjjV jklihkljV jijiA
E2p 2h
= "ijii (4.69)
E =
X
i
hijT jii+ 1
2
X
i;j
hijjV jijiA   jC0j
2
2
X
i;j;k;l
hijjV jklihkljV jijiA
E2p 2h
jC0j2 + jC0j2
X
i;j;k;l
hijjV jklihkljV jijiA
E22p 2h
= 1:
Therefore, we can dene a new eective potential eV , which is related with the bare NN
interaction V as,
eV = jC0j2V   jC0j2V Q
E2p 2h
V; (4.70)
where Q, the Pauli principle projection operator, projects out states with two nucleons above
the Fermi sea:
Qji =
(
1 for  and  above the "F
0 for  and  at or below the "F :
(4.71)
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"i =
k2i
2M
+ U(ki) (4.72)
The single particle potential is determined by the interaction of each nucleon with all others
in the Fermi sea; For nucleons below the Fermi level it is dened by
hijU jii = U(ki) =
X
j<F
hijjeV jijiA; for i  F; (4.73)
which includes both direct and exchange terms. For the single particle potential above the
Fermi sea, there are two dierent treatments. One choice is to use a zero single-particle
potential above the Fermi sea which produces a gap at the Fermi surface. It is usually called
standard choice.
hljU jli = U(kl) = 0; for l  F: (4.74)
Alternatively, a continuous choice for U can be made by dening,
hijU jii = U(ki) = Re
X
j<F
hijjeV jijiA (4.75)
for all states i below and above the Fermi surface. In this note, we will mainly discuss with
the standard choice. To determine the hole-state potential U(ki), we use the eective mass
approximation for the non-relativistic Hartree-Fock case.
U(ki) = U +
M  M
2MM
k2i ; (4.76)
where the potential depth U and eective mass M are the self-consistent parameters, while
M is the nucleon mass. This single-particle potential is set equal to zero above the Fermi
surface. We will discuss the relativistic case in the next section.
When we nd the eective interaction eV , the binding energy of total system can be
evaluated from
E =
X
i<F
hijT jii+ 1
2
X
i;jF
hijjeV jijiA (4.77)
=
X
i<F
("i   1
2
Ui):
Here, i (or j) denotes a plane-wave state in the Fermi sea with momentum ki, spin si and
isospin ti; T is the kinetic energy operator. It is seen that eV plays the role of an eective
two-body interaction in the nuclear medium.
We can now write Eq. (4.70) explicitly in the relative and c.m. momenta,
hq0jeV (P)jqi = hq0jV jqi   jC0j2 Z dk
e(q;k;P)
hq0jV jkiQ(k;P)hkjV jqi; (4.78)
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where P = 1
2
(km + kn) denotes the c.m. momentum and q =
1
2
(km   kn), k the relative
momentum of the initial and intermediate states. The Pauli projection operator Q is dened
by
Q(k;P) =
(
1 forjP kj > kF ;
0 otherwise,
(4.79)
and the energy denominate e is
e(q;k;P) = E(P+ k) + E(P  k) W (q;P) (4.80)
Here, E is the single-particle energy in the intermediate state and W the so-called starting
energy. The latter involves the single-hole energies in the initial state and is calculated on
the energy shell, i.e.
W (q;P) = E(P+ q) + E(P  q): (4.81)
In the nuclear matter, the single-particle energies are function of jkmj,
E(ki) =
k2i
2M
+ U(jkij): (4.82)
With the eective mass approximation (4.76), the resulting energy denominator e is
e(q; k; P ) =
k2 + 2(q; P )
M
; (4.83)
where
2(q; P ) =

1  M
M

(q2 + P 2)  2MA  q2: (4.84)
We can nd that the energy denominator e is independent of the angle between P and k,
and between P and q.
In order to simplify Eq. (4.70), the angle-averaged Pauli projector Q(k; P ) is used.
Q(k; P ) =
8><>:
0 k  (k2F   P 2)
1
2
k2+P 2 k2F
2kP
(k2F   P 2)
1
2  k  kF + P
1 k > kF + P
(4.85)
The correction to this approximation is very small [11]. Using the angle-averaged Q and the
eective mass approximation, Eq. (4.70) becomes,
hq0jeV (P)jqi = hq0jV jqi   jC0j2M Z dk
k2 + 2
Q(k; P )hq0jV jkihkjV jqi: (4.86)
CHAPTER 4. EXTENDED BRUECKNER-HARTREE-FOCK THEORY 79
To take advantage of the simple helicity representation of the momentum space potential,
we can use the decomposition of the eective interaction eV into helicity states as well. We
can apply the partial wave representation of the eective interaction eV ,
hq00102jeV jq12i =X
JM
hq^00102jJM0102ihJM12jq^12ih0102jeV J(q0; q)j12i: (4.87)
Finally, we easily nd the integral equation for eective interaction eV in the basis of the
angular momentum states jJM12i as,
h0102jeV J(q0; q)j12i = h0102jV J(q0; q)j12i (4.88)
 jC0j2M
X
h1;h2
Z
k2dk
k2 + 2
Q(k; P )h0102jV J(q0; k)jh1h2ihh1h2jV J(k; q)j12i
After h1 and h2 are summed over, Eq. (4.70) in helicity representation can be separated into
six coupled integral equations,
0eV J(q0; q) = 0V J(q0; q)jC0j2  M jC0j2 Z k2dk
k2 + 2
Q(k; P ) 0V J(q0; k) 0V J(k; q); (4.89)
1eV J(q0; q) = 1V J(q0; q)jC0j2  M jC0j2 Z k2dk
k2 + 2
Q(k; P ) 1V J(q0; k) 1V J(k; q); (4.90)
12eV J(q0; q) = 12V J(q0; q)jC0j2  M jC0j2 Z k2dk
k2 + 2
Q(k; P )[ 12V J(q0; k) 12V J(k; q)(4.91)
+ 55V J(q0; k) 66V J(k; q)];
34eV J(q0; q) = 34V J(q0; q)jC0j2  M jC0j2 Z k2dk
k2 + 2
Q(k; P )[ 34V J(q0; k) 34V J(k; q)(4.92)
+ 66V J(q0; k) 55V J(k; q)];
55eV J(q0; q) = 55V J(q0; q)jC0j2  M jC0j2 Z k2dk
k2 + 2
Q(k; P )[ 12V J(q0; k) 55V J(k; q)(4.93)
+ 55V J(q0; k) 34GJ(k; q)];
66eV J(q0; q) = 66V J(q0; q)jC0j2  M jC0j2 Z k2dk
k2 + 2
Q(k; P )[ 34V J(q0; k) 66V J(k; q)(4.94)
+ 66V J(q0; k) 12V J(k; q)];
where the notations of V can be found in appendix D.
Now we can express the nuclear matter ground state energy per particle in terms of the
helicity state of eV -matrix. Using the continuity condition Pk ! [V=(2)3] R dk, Eq. (4.77)
can be written as
E
A
=
3
5
k2F
2M
+
1
2
1
(2)3
Z
dq
Z
 
dP
X
m1;m2
hqm1m2jeV (q; P )(1  P12)jqm1m2i; (4.95)
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where m denotes the spin and isospin quantum numbers of the nucleon and   is the integra-
tion region: jqPj < kF , P12 is an operator which exchanges particle 1 and 2. It should be
mentioned that
hkm;knjeV jkm;kni = (2)3
V
hqjeV jqi: (4.96)
Therefore, the normalization condition of coecient can be written as
jC0j 2 = 1 + 1
2
1
(2)3
Z
dq
Z
 
dP
X
m1;m2
hqm1m2jC(q; P )(1  P12)jqm1m2i: (4.97)
The plane-wave spin states can be transformed into angular momentum states by means
of
jqm1m2i =
X
JM
X
TT3
hJM12jq12ih1
2
t1
1
2
t2jTT3ijJM12ijTT3i: (4.98)
Using the relation
h1
2
t1
1
2
t2jTT3i = ( )T+1h1
2
t2
1
2
t2jTT3i; (4.99)
and
(1  P12)jJM12i = jJM12i+ ( )J jJM21i; (4.100)
we obtain
(1  P12)jqm1m2i =
X
JM
X
TT3
hJM12jq12ih1
2
t1
1
2
t2jTT3ifjJM12i (4.101)
 ( )J+T jJM21igjTT3i:
Inserting this equation to Eq. (4.95), and using the completeness relation,Z
d
qhJM12jq12ihq12jJM12i = 1; (4.102)
the summation about t1, t2 gives
E
A
=
3
5
k2F
2M
+
1
2(2)3
X
JT
(2J + 1)(2T + 1)
Z
dqq2
Z
 
dP (4.103)

X
12
[h12jeV (q; P )j12i   ( )T+Jh12jeV (q; P )j21i]:
When the helicity 1, 2 are summed over, the part of the summation in the above equation
becomes
X
12
[M:E:] = 2
8>>>><>>>>:
eV J3 (q; P )  eV J4 (q; P )
(
for J odd and T = 1
or J even and T = 0
2eV J1 (q; P ) + eV J3 (q; P ) + eV J4 (q; P )
(
for J odd and T = 0
or J even and T = 1
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Because of the Pauli-principle condition jq+Pj < kF, the integration over d
P is given
by
Z
d
P =
8><>:
4 P  kF   q
4
k2F q2 P 2
2qP
kF   q  P  (k2F   q2)
1
2
0 (k2F   q2)
1
2  P;
(4.104)
We nally obtain
E
A
=
3k2F
10M
+
Z
q2dq
22
24Z kF q
0
P 2dP +
Z (k2F q2) 12
kF q
P 2dP
k2F   q2   P 2
4qP
35 eVT (q; P ) (4.105)
Here the abbreviation has been introduced for symmetric nuclear matter.
eVT (q; P ) = X
J=even
(2J + 1)[ 1eV J + 3( 0eV J + 12eV J + 34eV J)] (4.106)
+
X
J=odd
(2J + 1)[3 1eV J + 0eV J + 12eV J + 34eV J ]:
Following the same procedure as in the binding-energy case, we obtain the averaged
single-particle potential for the occupied states,
U(ki) = 2
"
2
Z kF ki
2
0
q2dq +
Z kF+ki
2
kF ki
2
q2
k2F   (2q   ki)2
4qki
# eVT (q; P ): (4.107)
With this equation, we can determine U andM in Eq. (4.76) by a self-consistent procedure.
In the actual calculation, we use the EBHF equation (4.63), where E   h0jHj0i and @E2p 2h
@'i (p)
are included. In this case, the total energy E is included in the EBHF equation, and therefore
we have to perform iterative calculations to achieve self-consistency.
We rst of all present the results of the non-relativistic case in this section. In Fig. 4.1,
we plot the EOS of symmetric nuclear matter in the non-relativistic extended Brueckner
Hartree-Fock (NREBHF) theory with a realistic NN interaction, Bonn B potential [31]. The
binding energy is  14:2 MeV at the saturation density  = 0:228 fm 3, which is slightly
larger than the empirical value  = 0:16 fm 3. For comparison, the EOS of symmetric
nuclear matter given by the non-relativistic BHF (NRBHF) theory is also shown by dashed
curve. Its behavior is very similar to the one of the NREBHF theory at low density below
0:25 fm 3. As the density increases, the more repulsive contribution to the binding energy
appears in the NREBHF theory, which leads to a smaller saturation density versus the one
of the NRBHF theory. This is caused by the correlation energy of 2p-2h states on the kinetic
energy. This correlation energy was not considered in the NRBHF theory.
CHAPTER 4. EXTENDED BRUECKNER-HARTREE-FOCK THEORY 82
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
-16
-12
-8
-4
0
4
8
12
 
 
E
/A
 [M
eV
]
 [fm-3]
 NREBHF
 NRBHF
Figure 4.1: The EOS of symmetric nuclear matter in the NREBHF theory with Bonn B potential.
The solid curve represents the EOS of NREBHF theory, while the dashed curve is for the NRBHF
theory.
The eective nucleon mass as a function of density in the NREBHF theory with the
Bonn B potential is displayed in Fig. 4.2. This quantity is extracted from Eq. 4.76 by
parameterizing the single particle potential. It indicates medium eects on nucleons; its
eective mass MN reduces as density is increased. At the saturation density, the eective
nucleon mass is about 66% of the free nucleon mass MN in the NREBHF theory, which
coincides with the result of other calculations, such as TM1 in RMF model shown in Table
2.2 . The eective nucleon masses in the NRBHF theory is denoted with square. We can
nd that the eective nucleon masses in two dierent models almost take the same value.
Furthermore, in Fig. 4.3 we also show the potential depth U in Eq. 4.76, when we
parameterize the single particle potential as a function of density in the NREBHF theory.
This potential depth represents the value of single particle potential at zero momentum. It
becomes deeper as the density increases. At low density (  0:25 fm 3), their values are
very similar to the ones of the NRBHF plotted as shown by dashed curves. The decline of
potential depth U in the NREBHF theory slows down with density. This behavior leads to
that the binding energy of nuclear matter gets more repulsion in the NREBHF theory as
compared to the one in the NRBHF theory.
The coecient jC0j2 of the 0p-0h state of symmetric matter as a function of density
in the NREBHF theory with the Bonn B potential is given in Fig. 4.4. This coecient
demonstrates the probability of nuclear wave function in the 0p-0h state, which is about
0.78 at the saturation density. This probability decreases as the density increases. The
2p-2h components become important in high density region, because the high momentum
correlation of realistic NN interaction such as the tensor interaction and the short range
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Figure 4.2: The eective nucleon mass of symmetric nuclear matter as a function of density in
the NREBHF theory with the Bonn B potential. The solid curve represents the eective nucleon
masses of the NREBHF theory, while the square dots denote the results of the NRBHF theory.
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Figure 4.3: The depth U of the single particle potential for symmetric nuclear matter in the
NREBHF theory with Bonn B potential. The solid curve represents the single particle potential of
the NREBHF theory, while the dashed curve corresponds the results of the NRBHF theory.
repulsion is treated by the 2p-2h states.
We study the EOS's for various potentials in the NREBHF theory. We display the
EOS's of symmetric nuclear matter with the Bonn A, B, and C potentials in Fig. 4.5. Their
dierences appear in the tensor interaction [11]. The tensor interaction is the strongest in
the Bonn C potential. Their binding energies per particle are very similar to with each other
below  = 0:1 fm  3. The EOS of Bonn C is the rst to saturate at  = 0:170 fm 3, while
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Figure 4.4: The coecient jC0j2 of symmetric nuclear matter as a function of density in the
NREBHF theory with Bonn B potential.
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Figure 4.5: The EOS's of symmetric nuclear matter in the NREBHF theory with the Bonn A,
B, C potentials. The solid curve is obtained with Bonn B, while dashed curve for Bonn A and
dash-dotted curve for Bonn C.
the EOS of Bonn A has the largest saturation binding energy. These results are consistent
with the results in the NRBHF theory in Ref. [11].
The potential depths U of the single particle potentials in the NREBHF theory with
Bonn A, B, C potentials are also given in Fig. 4.6. These potential depths have similar
trends as the EOS's for its dependence on potentials. At low density, they are the same,
while the depth of Bonn C becomes attened at high density.
Finally, in Fig. 4.7, we plot the coecient jC0j2 of the 0p-0h state as a function of density
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Figure 4.6: The potential depth U of the single particle potential for symmetric nuclear matter
in the NREBHF theory with Bonn A, B, C potentials. The solid curve is obtained with Bonn B,
while dashed curve for Bonn A and dash-dotted curve for Bonn C
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Figure 4.7: The coecient jC0j2 as a function of density  in the NREBHF theory with Bonn A,
B, C potentials. The solid curve is obtained with Bonn B, while dashed curve for Bonn A and
dash-dotted curve for Bonn C.
in the EBHF theory with Bonn A, B, C potentials. At each density, the components of the
0p-0h state are the smallest for Bonn C potential, which means that more components of 2p-
2h states are required. This is because, as we said before, the tensor interaction is strongest
in the Bonn C potential. The motivation of the introduction of 2p-2h states is to properly
treat the tensor interaction, and therefore the stronger tensor interaction demands more
2p-2h components.
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4.3 Extended Brueckner-Hartree-Fock theory in the relativistic
framework
In Chapter 4.2, we have constructed the extended Brueckner Hartree-Fock theory in the
non-relativistic framework. The NREBHF theory is applied to calculate the EOS of sym-
metric nuclear matter with the Bonn potentials. However, the saturation properties are not
completely consistent with the empirical data in the non-relativistic case. In this section,
we would like to develop the EBHF theory in the relativistic framework. In the relativistic
case, the essential point is to use the Dirac equation for the single-particle states in nuclear
matter [91, 92, 93, 94],
(  p+ M + U)u(p; s) = "pu(p; s) (4.108)
with
U = US + 
0UV ; (4.109)
where US is an attractive scalar and UV a repulsive vector eld. They are in the order
of several hundred MeV and strongly density dependent. In nuclear matter, they can be
determined self-consistently. The solution of Eq. (4.108) is
u(p; s) =

MN + E

2M
1=2 24 1
p
MN+E
35(s); (4.110)
with
MN(p) =MN + US; (4.111)
E(p) =
q
M2N + p2
and (s) a Pauli spinor. The normalization condition about this solution is
u(q; )u(q; ) = 1: (4.112)
The single-particle potential
U(i) =
MN
Ei
hijU jii = M

N
Ei
hijUS + 0UV jii = M

N
Ei
US + UV (4.113)
is the many-body self-energy which is dened in terms of the eective interaction eV as in
the non-relativistic case,
U(i) =
X
j<F
M2N
EiE

j
hijjeV jijiA (4.114)
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from which the constants US and UV are determined. This is used for states i below and
above the Fermi surface, which corresponds to the continuous choice. Note that the ansatz
Eq. (4.109) is an approximation, since the scalar and vector elds are in principle momentum
dependent; however, it has been shown that this momentum dependence is very weak [11].
Finally the energy in nuclear matter is obtained by
E
A
=
1
A
X
i<F
MNM

N + p
2
i
Ei
+
1
2A
X
i;j<F
M2N
EiE

j
hijjeV jijiA  M: (4.115)
The single-particle energy is
"i =
MN
Ei
hij  pi +M jii+ U(i) (4.116)
= Ei + UV :
Through Eqs. (4.113) and (4.114), we can determine US and UV self-consistently, and obtain
the binding energy per particle from Eq. (4.115).
We show rst the EOS of symmetric nuclear matter in the relativistic extended Brueckner-
Hartree-Fock (REBHF) theory with Bonn B potential in Fig. 4.8. The binding energy is
 15:27 MeV at the saturation density 0:148 fm 3. The saturation properties are largely
improved comparing with the results of the NREBHF theory. The saturation properties
are quite close to the requirement of experiment. We also plot the EOS of the RBHF
theory in this gure by dashed curve. This comparison is very similar to the case in non-
relativistic version, where the more repulsive eect is obtained in the REBHF theory for the
2p-2h correlation on the kinetic energy. Now we can conclude that the REBHF theory can
properly deal with the tensor interaction and the short range repulsion of the realistic NN
interaction and obtain more reasonable saturation properties.
The scalar and vector components of single particle potential in the REBHF theory with
Bonn B potential are given in Fig. 4.9. They are extracted from the single particle potential
by using Eq. 4.113. In nite nuclei, large spin-orbit splittings can be explained with these
two components. Furthermore, the nucleon eective mass is also related with the scalar
potential, which is dened as MN =MN +US. We also compare these two components with
the ones given by the RBHF theory. The scalar potentials US in REBHF and RBHF, are
almost the same. It means that the nucleon eective masses of these two cases should be
similar. While the vector potentials UV in two cases are similar at low density, it becomes
more repulsive for the REBHF case as density is increased. This behavior is the same as the
potential depth which was discussed in the non-relativistic case.
The density distribution of nuclear matter with Hartree-Fock approximation is usually
conveniently described by the step function,
n(k) =
(
1 k < kF
0 k > kF
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Figure 4.8: The EOS of symmetric nuclear matter in the REBHF theory with the Bonn B potential.
The solid curve denotes the EOS of REBHF theory. The dashed curve is the one of the non-
relativistic RBHF theory.
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Figure 4.9: The components of the single particle potential for symmetric nuclear matter in the
REBHF theory with the Bonn B potential. The solid curves denote the results of the REBHF
theory and the circles and squares denote those of the RBHF theory.
It means that all of Hartree-Fock state stay under the Fermi surface. However, after in-
troducing 2p-2h states into the nucleon ground state, the situation is changed. There is
some possibility of particle state above the surface. Then density distribution is not the step
function. Now we can dene the density distribution of hole states, n(i), as,
n(i) = h	jbibyi j	i (4.117)
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= 1 
X
jkl
2CmCm
and density distribution of particle states, n(k),
n(k) = h	jaykakj	i (4.118)
=
X
ijl
2CmCm;
where, the subscript of coecient, m, represent dierent i; j; k; l and i; j < kF , k; l > kF .
With this denition of density distribution, we calculate the density distribution and plot
the density distribution of particle and hole states in the REBHF theory with the Bonn B
potential at kF = 1:30 fm
 1 in Fig. 4.10. We nd that the density distribution of the hole
state reduces to 0.8 at the Fermi surface. The occupied states above the Fermi momentum
contribute about 0.2 close to kF = 1:3 fm
 1 due to the presence of 2p-2h states. This
conclusion is consistent with the result from the self-consistent Green's function method by
Dickho et al. [95].
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Figure 4.10: The density distributions at kF = 1:30 fm
 1 for symmetric nuclear matter in the
REBHF theory with the Bonn B potential.
As for a further comment about the dierences between the REBHF theory and RBHF
theory, we compare the on shell matrix elements of eective interaction in the REBHF
theory with the G matrix elements in RBHF theory with Bonn A potential in Fig. 4.11-
4.13, where the Fermi momentum is kF = 1:3 fm
 1 ( = 0:148 fm 3). We can nd that large
dierence appears in 1S0,
3P0 and
3S1 channels which have extra attractive contribution in the
REBHF theory. The 1S0 and
3S1 channel usually denote the central and tensor interactions
respectively. Therefore, the short range correlation in REBHF theory is stronger than the
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G-matrix of RBHF theory. However, the tensor correlation with 2p-2h states in the REBHF
theory is smaller than the G matrix in the RBHF theory.
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Figure 4.11: The on-shell matrix elements of eective interactions in the REBHF theory and RBHF
theory with kF = 1:35 fm
 1 for J = 0.
We also plot these comparisons at high Fermi momentum kF = 1:8 ( = 0:3939 fm
 3) in
Fig.4.14-4.16. Now the changes also happen in 3P1 channel besides
1S0,
3P0 and
3S1 channels.
In Fig. 4.17, we plot the EOS's of symmetric nuclear matter in the REBHF theory with
the Bonn A, B, C potential. Their dierences increase with density. The EOS of Bonn A
has the largest binding energy.
The saturation properties of symmetric nuclear matter in the RBHF and REBHF theories
with the Bonn potentials have been listed in Table 4.1, respectively. The binding energy of
each potential at saturation density in the REBHF theory is larger than the one of the RBHF
theory and the corresponding EOS becomes larger. These results can be both explained by
the 2p-2h correlation on the kinetic energy. Now, the saturation properties of Bonn B in the
REBHF theory have been compared with the empirical data very well.
The coecients jC0j2 of 0p-0h states for symmetric nuclear matter in the REBHF theory
with the Bonn A, B, C potentials in Fig. 4.18. We see more 2p-2h components due to
stronger tensor correlation for the Bonn C potential. Meanwhile, their values are smaller
than the ones of non-relativistic case. It is about 0.71 at the saturation density for the
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Figure 4.12: The on-shell matrix elements of eective interactions in the REBHF theory and RBHF
theory with kF = 1:35 fm
 1 for J = 1
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Figure 4.13: The on-shell matrix elements of eective interactions in the REBHF theory and RBHF
theory with kF = 1:35 fm
 1 for J = 2
Bonn B potential. This result indicates that 2p-2h states play more important role in the
relativistic framework.
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Figure 4.14: The on-shell matrix elements of eective interactions in REBHF theory and RBHF
theory with kF = 1:8 fm
 1 for J = 0.
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Figure 4.15: The on-shell matrix elements of eective interactions in the REBHF theory and RBHF
theory with kF = 1:8 fm
 1 for J = 1
In Fig.4.19-4.21, we also consider the potential dependence of these matrix elements in the
REBHF theory. The Bonn A and Bonn C are compared at the Fermi momentum of kF = 1:8
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Figure 4.16: The on-shell matrix elements of eective interactions in the REBHF theory and
RBHF theory with kF = 1:8 fm
 1 for J = 2.
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Figure 4.17: The EOS's of symmetric nuclear matter in the REBHF theory with the Bonn A, B, C
potential. The solid curve is obtained with Bonn A, while dashed curve for Bonn B and dash-dotted
curve for Bonn C.
fm 1. The obvious dierence is found in the 3S1 channel, where the tensor component is the
strongest in the NN interaction.
We also study the EOS of pure neutron matter in the REBHF theory with the Bonn A, B,
C potentials in Fig. 4.22. We see that they are almost identical for dierent potentials. This
conclusion is also found in the framework of the RBHF theory by Krastev and Sammarruca
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Methods Potential  [fm 3] E=A [MeV] K [MeV] MN=MN jC0j2
Bonn A 0.1814 -15.38 302.9 0.598 -
RBHF Bonn B 0.1625 -13.44 240.3 0.621 -
Bonn C 0.1484 -12.12 181.6 0.640 -
Bonn A 0.1699 -19.13 374.1 0.632 0.712
REBHF Bonn B 0.1484 -15.28 294.2 0.664 0.710
Bonn C 0.1227 -14.20 222.1 0.703 0.689
Table 4.1: The saturation properties of symmetric nuclear matter in the REBHF theory and RBHF
theory with Bonn potentials.
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Figure 4.18: jC0j2 of symmetric nuclear matter in the REBHF theory with the Bonn A, B, C
potentials. The solid curve is obtained with Bonn B, while dashed curve for Bonn A and dash-
dotted curve for Bonn C
[75]. Actually, the eect of the tensor interaction in neutron matter is largely suppressed
due to its isospin channel T = 1. The partial wave components about T = 0 channels such
as 3S1 channel disappear in neutron matter, when we use Eq. 4.106 to calculate the total
energy. Therefore, in neutron matter, the short range correlation is enough for the realistic
NN interaction. This is the theoretical foundation of our work in Chapter 3.
For pure neutron matter, its properties with three kinds of Bonn potentials are almost
the same. Therefore, we will concentrate our discussion with the Bonn B potential in the
later part. We rst show the coecient jC0j2 of pure neutron matter as a function of density
in Fig. 4.23. For comparison, we also plot the one of symmetric matter. The coecient
jC0j2 in pure neutron matter is obviously larger than the one in symmetric nuclear matter.
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Figure 4.19: The on-shell matrix elements of eective interactions in REBHF theory with the Bonn
A and Bonn C potentials at kF = 1:8 fm
 1 for J = 0.
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Figure 4.20: The on-shell matrix elements of eective interactions in the REBHF theory with the
Bonn A and Bonn C potentials at kF = 1:8 fm
 1 for J = 1
It means 2p-2h components are larger and play more important roles in symmetric nuclear
matter. High momentum correlations between two nucleons include both the short range
correlation, and also the tensor correlation in symmetric nuclear matter. The eect of tensor
interaction is very small in pure neutron matter and therefore 2p-2h states just take care of
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Figure 4.21: The on-shell matrix elements of eective interactions in the REBHF theory with the
Bonn A and Bonn C potentials at kF = 1:8 fm
 1, where J = 2
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Figure 4.22: The EOS's of pure neutron matter in the REBHF theory with Bonn A, B, C potentials.
the short range correlation.
The scalar potential and vector potential of pure neutron matter in the REBHF theory
are given in Fig. 4.24. We also compare them with the ones generated in the RBHF theory.
This situation is in accordance with symmetric nuclear matter. The scalar density in the
REBHF theory is still very similar to the one in the RBHF theory, while the vector potential
in the REBHF theory is stronger than the piece from the RBHF theory at high density, which
makes the binding energy more repulsive. However, at low density, the vector potential in the
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Figure 4.23: The coecients jC0j2 for symmetric nuclear matter and pure neutron matter in the
REBHF theory with Bonn B potential. The dotted and diamond curves correspond the pure
neutron matter ( = 1:0) and symmetric nuclear matter ( = 0:0) cases, respectively.
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Figure 4.24: The components of single particle potential for pure neutron matter in the REBHF
theory with the Bonn B potential.
REBHF theory is smaller than the one in the RBHF theory. This eect causes the smaller
binding energy of pure neutron matter at low density. The corresponding asymmetric energy
is also very small as shown in Fig. 4.25. At the saturation density, it is just about 20 MeV.
We can nd approximate linear relation between density and asymmetric energy.
Finally, the eective nucleon masses of pure neutron matter and symmetric nuclear matter
as a function of density in REBHF theory are plotted in Fig. 4.26. The eective nucleon
mass in neutron matter is larger than the one in symmetric nuclear matter. Their dierence
is about 100 MeV at the saturation density. This conclusion is consistent with the calculation
of the RBHF theory by Krastev et al. [75]. However, the eective nucleon mass in symmetric
nuclear matter is larger than the one in pure neutron matter in the RBHF theory with a
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Figure 4.25: The asymmetric energy of nuclear matter as a function of density in the REBHF
theory with the Bonn B potential.
0.0 0.1 0.2 0.3 0.4 0.5
400
500
600
700
800
900
 
 
E
ffe
ct
iv
e 
nu
cl
eo
n 
m
as
s
 [fm-3]
 M*N( )
 M*N( )
Figure 4.26: The eective nucleon masses of pure neutron matter and symmetric matter in the
REBHF theory with the Bonn B potential. The dotted and diamond curves represent the pure
neutron matter ( = 1:0) and symmetric nuclear matter ( = 0:0), respectively.
projection method [68] and in RHFU model [96]. It is necessary to discuss the mechanism of
these opposite conclusions from dierent models about eective nucleon mass in the future
work.
4.4 Conclusion
We have formulated the extended Brueckner-Hartree-Fock (EBHF) theory by properly deal-
ing with the tensor and short range correlations of realistic NN interaction for nuclear matter.
These correlations were considered through two-particle-two-hole (2p-2h) states in the con-
guration space in addition to the Hartree-Fock wave function. The equation of motion
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for Hartree-Fock single particle states in the EBHF theory contains the usual Hartree-Fock
potential and the coupling term to 2p-2h states. This coupling term can take care of high
momentum correlations of realistic NN interaction and modies the HF equation to provide
additional attractions to the HF single particle states. In addition, there is a new term which
corresponds to the 2p-2h states correlation on kinetic energy.
In the helicity representation, we have calculated the equation of state (EOS) of sym-
metric nuclear matter with the NREBHF theory. The Bonn potentials, a kind of realistic
NN interaction, were adopted as the two-body NN interaction. We compare these EOS's in
NREBHF with the results of the NRBHF model. We found that they are almost the same in
the low density region. As the density increases, the nuclear matter contains more repulsive
contributions in the NREBHF theory. This contribution is generated by 2p-2h states by
including the kinetic energy contribution, which was ignored in the NRBHF theory. The
saturation density in the NREBHF theory was closer to the empirical value due to this re-
pulsive eect. There is not much dierence between the eective nucleon masses in these
two models.
To improve the saturation properties of nuclear matter, we applied the EBHF theory
to study nuclear matter in the relativistic framework, where the eective nucleon mass
was determined self-consistently. We call this method as relativistic extended Brueckner-
Hartree-Fock theory (REBHF). More repulsive eect in the high density region is caused
from virtual nucleon-antinucleon excitations in the many-body environment (Z graphs) in
the relativistic kinematics. Therefore, we obtain more reasonable saturation properties in the
REBHF theory. Especially, the binding energy and saturation density of Bonn B potential
are already consistent with the experiment data. We also calculate pure neutron matter
in the REBHF framework with the Bonn potentials. Their EOS's were identical from each
other due to the fact that tensor interaction is suppressed almost completely in the isospin
T = 1 channel in pure neutron matter.
Chapter 5
Summary and Outlook
It is a very important problem to properly describe the nuclear matter, as a hypothetical
system of a huge number of protons and neutrons, from the realistic nucleon-nucleon (NN)
interaction based on the proper many-body theory. We have developed a series of many-body
theories to study the properties of nuclear matter with eective NN interaction and realistic
NN interaction in this thesis, especially focusing on the pionic eect in nuclear matter. As
we know, the density functional theories, such as the Skyrme Hartree-Fock model and the
relativistic mean eld (RMF) model have a lot of achievements in the description of nuclear
many-body systems. However, these eective (phenomenological) theories do not include
explicitly the pion, although the pion is the most important particle in nuclear physics.
Therefore, we would like to introduce higher order terms of many-body system to take the
pion contribution into account.
To start with, we have pointed out the signicance of pion with an eective Lagrangian
in the relativistic Hartree-Fock (RHF) model by keeping its contact term, which was usually
removed simply in the RHF framework before [52]. To regularize the eect of the contact
term, the nite-size eect of the nucleon is treated in terms of the form factor. The NN
interaction is largely suppressed at high momentum region by the form factor eect. The
EOS of nuclear matter was found still very hard in such a treatment. We have included the
self interaction terms of  and ! mesons to decrease the incompressibility. Finally it was
about 300 MeV, which is in coincidence with experiment.
We have then discussed the short range correlation of realistic NN interaction in the
RHF model for nuclear matter. One feature of the realistic NN interaction is the strong
repulsion in the short range distance. A reasonably short range correlation of the realistic NN
interaction is necessary for nuclear many body theory. We have tried to employ the unitary
correlation operator method and the Jastrow function method to treat this strong repulsive
correlation. The EOS of the pure neutron matter from a microscopic theory, relativistic
Brueckner-Hartree-Fock model, was explained nicely with these two methods, because the
other feature of realistic NN interaction, tensor interaction, is very weak in the isospin T = 1
100
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channel. The saturation properties of symmetric nuclear matter were not good due to the
lack of the tensor correlation in such an approximation for symmetric nuclear matter.
We have developed a new framework to handle the pion to treat the strong tensor corre-
lation in nuclear matter. To this end, we include 2-particle-2-hole states to treat the tensor
correlation in addition to the short range correlation of the realistic NN interaction follow-
ing the idea of tensor optimized shell-model (TOSM) of nite nuclei. We have successfully
constructed the extended Brueckner-Hartree-Fock (EBHF) theory with the Hartree-Fock
variational model space together with 2p-2h states. The tensor and short range correla-
tions were contained in the extended Brueckner-Hartree-Fock theory, where the eective
potential consists of the Hartree-Fock potential and a coupling term of HF particle states
with 2p-2h states. In addition, there was a new term corresponding the 2p-2h correlation
on kinetic energy. We have obtained the EOS's of nuclear matter with EBHF in both the
non-relativistic and relativistic frameworks. The saturation properties of nuclear matter in
relativistic version were largely improved, which are consistent with the empirical data. We
have also calculated pure neutron matter. We found that their EOS's were identical for
dierent Bonn potentials, in which dierences were mostly in the strength of the tensor in-
teraction. This result demonstrates that the eect of the tensor interaction is very weak in
the T = 1 channel.
So far, a new many-body framework, extended Brueckner-Hartree-Fock model, which
can deal with the high momentum correlations of the realistic NN interaction has been
constructed. We have demonstrated that the method works very well by calculating the
properties of nuclear matter. It would be very important to apply the EBHF theory to nite
nuclei, where we have more experimental data to compare.
The nuclear physics was born about 80 years ago. For a human being, 80 years are
about the duration to take him from the cradle to the grave yard. However, we just have
arrived at a foot of nuclear physics. There are still many puzzles about nuclear matter
systems, although many studies are performed everyday. Such puzzles inspire us every time
to continue to go forward and to get more achievement for understand this universe better.
Appendix A
Matrix elements of nucleon-nucleon
interaction
The Bonn-A potential is constructed by considering six non-strange bosons with masses
below 1 GeV with  and  pseudoscalar,  and  scalar, and  and ! vector mesons. The
contributions from the isovector boson , and  are to be multiplied by a factor of ~1  ~2.
Now, the potential can be written in the following form,
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V b(r) =   g
2

8
m
M
2  1
mr
+
1
(mr)2

e mr
r
  3g
2
!
8
m!
M
2  1
m!r
+
1
(m!r)2

e m!r
r
(A.4)
  g
2

8
m
M
2  1
mr
+
1
(mr)2

e mr
r
 g(3g + 4f)
8
m
M
2  1
mr
+
1
(mr)2

e mr
r

~1  ~2
V ~p
2
(r) =   1
M2

g2
8
e mr
r
+
3g2!
8
e m!r
r
+

g2
8
e mr
r
+
3g2
8
e mr
r

~1  ~2

; (A.5)
where we have omitted the (3)(~r) term in the above expressions.
Let us consider the matrix elements of the dierence spin operator in jLSJi basis. For
the spin operator this is rather straightforward.
1  2 = 1
2
(4S2   21   22) = 2S2   3 (A.6)
and therefore
1  2jLSJi = (2S(S + 1)  3)jLSJi (A.7)
= jLSJiS;1   3jLSJiS;0;
where S = 1+2
2
and is the quantum number of the total spin.
The spin-orbit operator can be treated analogously,
l  SjLSJi = 1
2
[J2   L2   S2]jLSJi (A.8)
=
1
2
[J(J + 1)  l(l + 1)  S(S + 1)]jLSJi:
The tensor operator requires a slightly more elaborated procedure. It is the only operator
which mixes dierent partial waves L. Because of parity conservation, the two coupled partial
waves L and L0 must be both even or both odd. Furthermore, they can dier at most of two
units, since the total spin is at most S = 1. Therefore, in conclusion L0 = L;L  2. The
explicit form of the matrix elements can be obtained by writing the tensor operator S12 in
the following form
S12 =
r
24
5
(S2 Y2) =
r
24
5
X
M
S^2 MY2M( 1)M ; (A.9)
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where Y2M are the spherical harmonics of order two and S^2M the irreducible tensor operator
of rank two, given by
S^2M =
X
mm0
h1m1m0j2Mi~1m~2m0 ; (A.10)
where the operator ~ are the spin operator in the spherical basis
~1 =  x + iyp
2
; ~0 = z; ~ 1 =
x   iyp
2
: (A.11)
This relation shows that the tensor operator S12 is the scalar product of two rank-2 irreducible
tensors. Now, we can get,
hLSJ jS^12jL0SJi =
r
24
5
( 1)L+S+J
(
S 2 S
L J L0
)
hLjjY2jjL0ihSjjS2jjSi; (A.12)
where the symbol in curly brackets is the 6-j angular momentum re-coupling coecient, and
we have introduced the so-called reduced matrix elements of the spherical harmonics and of
the operators S^12. The form of Eq. (A.12) establishes the main selection rules for the tensor
operator. First of all the 6-j symbol vanishes if S = 0, and therefore the tensor operator S^12
has non vanishing matrix elements only for the S = 1 two-nucleon channels. One can easily
nd the value of the reduced matrix elements
hLjjY2jjL0i = ( 1)L0 [(2L+ 1)(2L0 + 1)] 12
r
5
4
 
L 2 L0
0 0 0
!
(A.13)
hSjjS2jjSi = 2
p
5:
For S = 1, there are only three choices for J , J = L 1; L; L+1. Using explicit expressions
for the 3-j and 6-j symbols, we can nd a very simple form for the matrix elements of the
tensor operator (S = 1)
hJSJ jS^12jJSJi = 2 (A.14)
hJ   1SJ jS^12jJ   1SJi =  2(J   1)
2J + 1
hJ + 1SJ jS^12jJ   1SJi = hJ   1SJ jS^12jJ + 1SJi = 6
p
J(J + 1)
2J + 1
hJ + 1SJ jS^12jJ + 1SJi =  2(J + 2)
2J + 1
:
Now, it's obvious that these matrix elements are nite when L = J  1 and L0 = J  1.
Other terms are canceled with each other. To evaluate these matrix elements, we have used
the following formulae about 3-j and 6-j symbols, 
J 2 J
0 0 0
!
=   ( 1)
 JpJ(J + 1)p
(2J   1)(2J + 1)(2J + 3) (A.15)
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J   1 2 J + 1
0 0 0
!
=
 
J + 1 2 J   1
0 0 0
!
=
r
3
2
( 1) JpJ(J + 1)p
(2J   1)(2J + 1)(2J + 3)(
1 2 1
J J J
)
=
( 1) 2Jp(2J   1)(2J + 3)p
30J(J + 1)(2J + 1)(
1 2 1
J + 1 J J + 1
)
=
( 1) 2Jp(J + 2)(2J + 5)p
30(J + 1)(2J + 1)(2J + 3)(
1 2 1
J   1 J J   1
)
=
( 1) 2Jp(J   1)(2J   3)p
30J(2J   1)(2J + 1)(
1 2 1
J   1 J J + 1
)
=
(
1 2 1
J + 1 J J   1
)
=
( 1) 2Jp
5(2J + 1)
Appendix B
Short range correlation on kinetic
energy
B.1 Short range correlation on kinetic energy with UCOMmethod
For the nuclear many-body system, we can write a nonrelativistic Hamiltonian as:
H = T + V =
AX
i
p2i
2mi
+
AX
i<j
V (i; j); (B.1)
where A is the particle number. In nuclear matter, it is reasonable to neglect the dierence
between proton and neutron. The unitary correlator operator C should ensure the unitarity,
C = exp( iS); S = Sy: (B.2)
Here S is a hermitian generator of the correlations. It has to be a two-body operator or
higher because a one-body operator would only cause a unitary transformation of the single-
particle states and this variational degree of freedom is already present in the product state
ji.
S =
AX
i<j
g(i; j) + three  body + : : : : (B.3)
Now we just assume that the generator is a two-body operator S =
PA
i<j g(i; j). For the
kinetic energy, a one-body operator, transforms as,
K^ = CyKC = K^ [1] + K^ [2] + K^ [3] + : : : ; (B.4)
where the one-body part is just the regular uncorrelated kinetic energy,
K^ [1] =
AX
i
p2i
2m
: (B.5)
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The two-body part K^ [2] is,
K^ [2] =
AX
i<j
K [2](i; j); (B.6)
with
K [2](i; j) = cy(i; j)

p2i
2m
+
p2j
2m

c(i; j) 

p2i
2m
+
p2j
2m

; (B.7)
and c(i; j) = exp ig(i; j) denotes the correlator between particle i and j. Now we transform
a two body operator V (i; j) like the potential,
V^ = CyV C = V^ [2] + V^ [3] + : : : ; (B.8)
which starts with a two-body part,
V^ [2] = cy(i; j)V [2](i; j)c(i; j): (B.9)
It means that the bare potential V [2] is in lowest order replaced by the correlated interaction
which should be much less repulsive at short distance.
In the unitary correlation operator method (UCOM), a operator which just contains the
relative distance can be transformed as,
h0jcyf(~r)cji =
Z
h0j~rih~rjcyf(~r)cjid3r (B.10)
=
Z
h0j~rif(~R+(~r))h~rjid3r:
We also can make a similar procedure for the radial momentum qr =
~r
r
~q, where ~q = 1
2
(~p1 ~p2)
is the relative momentum.
h~rjcyqrcji =  i 1
r
p
R0+(r)
@
@r
1p
R0+(r)
h~rji (B.11)
=  i 1
r
p
R0+(r)

@
@r
r   1
2
R00+(r)
R0+(r)
r

h~rji:
In the nonrelativistic energy, the square of the radial momentum q2r is more important in
calculation process,
h0jcyq2rcji = h0jcyqrccyqrcji (B.12)
=
Z
h0jcyqrcj~rih~rjcyqrcji
=
Z
h0j~ri
 
r
  
@
@r
  1
2
rR00+(r)
R0+(r)
!
1
r2R02+(r)
  !
@
@r
r   1
2
rR00+(r)
R0+(r)
!
h~rjid3r
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=
Z
h0j~ri
"  
@
@r
1
R02+(r)
 !
@
@r
+
1
R02+(r)
 
2
R00+(r)
rR0+(r)
  5
4

R00+(r)
R0+(r)
2
+
1
2
R000+(r)
R0+(r)
!#
h~rjid3r;
where we have used some partial integration about r part. It is the key point that the partial
integration is just for the linear integration, but not the volume integration.
With the above equation, the two body correlation of kinetic energy can be evaluated by
separating it as relative and center of mass energy
K(i) +K(j) =
p2i + p
2
j
2m
=
1
m
~q2 +
1
4m
(~pi + ~pj)
2 (B.13)
=
1
m
 
qyrqr +
~L2
r2
!
+
1
4m
(~pi + ~pj)
2:
Here, ~L = ~r ~q is the angular momentum and r = j~r1 ~r2j is the relative distance. And the
correlated relative angular momentum is the same as the uncorrelated one
~^L = cy~Lc = ~L: (B.14)
Therefore, the two-body part of the correlated kinetic energy can be split into there parts,
K^ [2] = qyr
1
m

1
R02+(r)
  1

qr +
1
m

1
R2+(r)
  1
r2

~L2 + w(r); (B.15)
where w(r) comes from the commutation between momentum operator and R+(r),
w(r) =
1
mR02+(r)
 
2
R00+(r)
rR0+(r)
  5
4

R00+(r)
R0+(r)
2
+
1
2
R000+(r)
R0+(r)
!
: (B.16)
It is very convenience to dene two eective masses. The rst one is the reduced radial mass
r(r),
m
2r(r)
 1
R02+(r)
  r
2
R2+(r)
(B.17)
and the second one is the reduced angular mass 
(r),
m
2
(r)
 r
2
R2+(r)
  1: (B.18)
Now, we can rewrite the two body correlator of kinetic energy as,
K^ [2] = qyr
1
2r(r)
qr + ~q
1
2
(r)
~q + w(r) (B.19)
= tr + t
 + w(r);
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where we have used Eq.(B.13) to replace the angular momentum part. In nuclear matter,
the expectation value of a two-body operator is,
O =
1
2A
X
i;j

hijjO^jiji   hijjO^jjii

; (B.20)
where
jii = j~kii 
 jmii: (B.21)
jkii is the momentum related part, which is a plane wave function in nuclear matter,
h~xj~ki = 1p
V
exp(i~ki  ~x): (B.22)
jmii is the eigenstate of spin and isospin, whose eigenvalue is  = 2 for neutron matter and
 = 4 for symmetry matter. A is the total particle number,
A =
X
=1
kFX
1 = 
V
(2)3
Z kF
d3k1 = 
V
62
k3F : (B.23)
There is a simple relation between A and density ,
 =
A
V
=

62
k3F : (B.24)
Now, we can calculate the expect value of kinetic energy correlation in UCOM,
tr =
1
2A
X
i;j

hijjqr 1
2r(r)
qrjiji   hijjqr 1
2r(r)
qrjjii

(B.25)
=
k5F
1202m
Z
d3r

1
R02+(r)
  r
2
R2+(r)

(  l3(kF r))
t
 =
1
2A
X
i;j

hijj~q 1
2
(r)
~qjiji   hijj~q 1
2
(r)
~qjjii

(B.26)
=
k5F
402m
Z
d3r

r
R2+(r)
  1

(  l2(kF r))
w =
1
2A
X
i;j
(hijjw(r)jiji   hijjw(r)jjii)
=
k3F
122
Z
d3rw(r)(  l21(kF r));
where l1(x); l2(x); l3(x) are some functions which are composed of spherical Bessel functions,
l1(x) = 3
j1(x)
x
(B.27)
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l2(x) = 15

j20(x)
x2
+

15
x4
  1
x2

j21(x) 
8
x3
j0(x)j1(x)

l2(x) = 45

j20(x)
x2
+

21
x4
  1
x2

j21(x) 
10
x3
j0(x)j1(x)

j0(x) =
sin(x)
x
j1(x) =
sin(x)
x2
  cos(x)
x
:
B.2 Short range correlation on kinetic energy with Jastrow func-
tion method
In this part, we will discuss the short range correlation for the relativistic Hamiltonian. We
will use the Walecka model Lagrangian which just includes two kinds of mesons exchange,
 meson and ! meson. The eective Hamiltonian can be written as,
H =
Z
d3~x y(~x)( i~  ~r+ M) (~x) (B.28)
+
1
2
Z
d3~xd3~y (~x) (~y)

  g
2

4
e m j~x ~yj
j~x  ~yj +
g2!
4
e m! j~x ~yj
j~x  ~yj (1)
(2)

 (~y) (~x):
Here, the eld operator is expanded in plane wave functions,
 (~x) =
1p
V
X
k;s
u(~k; s)ei
~k~x; (B.29)
where u(~k; s) is a Dirac spinor,
u(~k; s) =

E +M
2E
1=2 1
~~p
MN+Ep
!
s: (B.30)
In the framework of relativistic Hartree-Fock method, the eective quantities are dened as,
~p(p) = ~p+ ~npV (p) (B.31)
M(p) = M + S(p)
E(p) =
p
p2 +M2:
If we consider to use the Jastrow method for the short range correlation, the two-body
correlated wave function is,
jiji = exp(iS)jiji  f(j~xi   ~xjj)jiji: (B.32)
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Therefore, the eective two-body interaction after the short range correlation is given by
H [2] = hijjf(r)(ti + tj + V (r))f(r)jiji   hijj(ti + tj)jiji; (B.33)
where ti is the kinetic energy operator of particle i.
Now we can write the two-body correlation interaction of the kinetic energy in the rela-
tivistic case,
K [2] =
Z
d3r1d
3r2 
y(~r1) y(~r2)f(r)[ i~1  ~r1   i~2  ~r2 + 2M ]f(r) (~r2) (~r1)(B.34)
 
Z
d3r1d
3r2 
y(~r1) y(~r2)[ i~1  ~r1   i~2  ~r2 + 2M ] (~r2) (~r1)
=
Z
d3r1d
3r2 
y(~r1) y(~r2)f(r)[ i~1  ~r1   i~2  ~r2]f(r) (~r2) (~r1)
 
Z
d3r1d
3r2 
y(~r1) y(~r2)[ i~1  ~r1   i~2  ~r2] (~r2) (~r1)
+
Z
d3r1d
3r2[f
2(r)  1] y(~r1) y(~r2)(2M) (~r2) (~r1)
=
Z
d3r1d
3r2[f
2(r)  1] y(~r1) y(~r2)( i~1  ~r1   i~2  ~r2 + 2M) (~r2) (~r1)
+
Z
d3r1d
3r2 
y(~r1) y(~r2)f(r)[( i~1  ~r1   i~2  ~r2)f(r)] (~r2) (~r1)
:
Here, we rst calculate the last line in the above equation.Z
d3r1d
3r2 
y(~r1) y(~r2)f(r)[( i~1  ~r1   i~2  ~r2)f(r)] (~r2) (~r1) (B.35)
=
Z
d3r1d
3r2 
y(~r1) y(~r2)( i)f(r) (~1   ~2)  ~r
r
@
@r
f(r) (~r2) (~r1)
=
1
V 2
Z
d3r1d
3r2
X
k;s
ei(
~k1 ~k4)~r1ei(
~k2 ~k3)~r2ay~k3;s3a
y
~k4;s4
a~k1;s1a~k2;s2
uy(~k3; s3)uy(~k4; s4)( i)f(r) (~1   ~2)  ~r
r
@
@r
f(r)u(~k1; s1)u(~k2; s2);
while, the rest part of the correlated interaction is,Z
d3r1d
3r2[f
2(r)  1] y(~r1) y(~r2)( i~1  ~r1   i~2  ~r2 + 2M) (~r2) (~r1)(B.36)
=
1
V 2
Z
d3r1d
3r2[f
2(r)  1]
X
k;s
ei(
~k1 ~k4)~r1ei(
~k2 ~k3)~r2ay~k3;s3a
y
~k4;s4
a~k1;s1a~k2;s2
uy(~k3; s3)uy(~k4; s4)(~1  ~k1 + ~2  ~k2 + 2M)u(~k1; s1)u(~k2; s2):
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The creation operator and annihilation operator should be simplied by the Hartree-Fock
approximation when we evaluated the expect value of the kinetic energy.
h0jay~k3;s3a
y
~k4;s4
a~k1;s1a~k2;s2 j0i (B.37)
= ~k1;~k4~k2;~k3s1;s4s2;s3   ~k1;~k3~k2;~k4s1;s3s2;s4
The Hartree piece of the kinetic energy contribution is
EdirK[2] =
 iV
2
Z
d3rf(r)
@
@r
f(r)
Z
d3k1d
3k2
(2)6
uy(~k2; s2)uy(~k1; s1)(~1   ~2)  ~nru(~k1; s1)u(~k2; s2) (B.38)
+
V
2
Z
d3r[f2(r)  1]
Z
d3k1d
3k2
(2)6
uy(~k2; s2)uy(~k1; s1)(~1  ~k1 + ~2  ~k2 + 2M)u(~k1; s1)u(~k2; s2)
=
 iV
2
Z
d3rf(r)
@
@r
f(r)
Z
d3k1d
3k2
(2)6
 
~k1
E(k1)
 
~k2
E(k2)
!
 ~r
r
+
V
2
Z
d3r[f2(r)  1]B
Z
d3k1
(2)3
 
~k1 
~k1
E(k1)
+M
M(k1)
E(k1)
!
= 0;
where the rst line vanishes due to the angular integration and the second line vanishes by
the normalization condition in the Jastrow function,Z
[f2(r)  1]d3r = 0: (B.39)
While the Fock piece of the kinetic energy correlation is
EFockK[2] =
iV
2
Z
d3k1d
3k2
(2)6
Z
d3rei(
~k1 ~k2)~rf(r)
@
@r
f(r)uy(~k1; s1)uy(~k2; s2)(~1   ~2)  ~nru(~k1; s1)u(~k2; s2)(B.40
 V
2
Z
d3k1d
3k2
(2)6
Z
d3rei(
~k1 ~k2)~r[f 2(r)  1]
uy(~k1; s1)uy(~k2; s2)(~1  ~k1 + ~2  ~k2 + 2M)u(~k1; s1)u(~k2; s2)
=  V
2
Z
d3k1d
3k2
(2)6
Z
d3rei(
~k1 ~k2)~r[f 2(r)  1]2Trf(/k

1 +M

1 )(~  ~k1 +M)(/k2 +M2 )0g
4E(k1)E(k2)
= V
Z
d3k1d
3k2
(2)6
Z
d3rei(
~k1 ~k2)~r[f 2(r)  1]
"
~k1  ~k1
E(k1)
+ 2
MM(k1)
E(k1)
+
~k1  ~k2
E(k2)
#
:
Here, the rst line vanishes due to the spin structure. This contribution of short range
correlation for relativistic kinetic energy has the dierent value with dierent parameters in
Jastrow function. It is about 4  27 MeV in [81]
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B.3 Some integration formulas
In this appendix, kF is the Fermi momentum, r is the relative distant ~r = ~x1   ~x2 and
~X = (~x1 + ~x2)=2.
Z
~k1  ~k2d3k1 = 0 (B.41)
Z
sin  exp( ikr cos )d = 2 sin(kr)
kr
= 2j0(kr) (B.42)
Z kF
0
k2
sin(kr)
kr
=
sin(kF r)  kF r cos(kF r)
r3
= k3F
j1(kF r)
kF r
(B.43)
Z kF
0
k4
sin(kr)
kr
= k5F

2j0(kF r)
(kF r)2
+

1
kF r
  6
(kF r)3

j1(kF r)

(B.44)
hijjv(r)jiji = 1
2
X
~k1;~k2
h~k1~k2jv(r)j~k1~k2i (B.45)
=
1
2
Z
d3Xd3rv(r)
X
~k1;~k2
jh~x1~x2j~k1~k2ij2
=
V 3
2(2)6
Z
d3rv(r)
Z
d3k1d
3k2
1
V 2
exp(i~k1  ~x1 + i~k2  ~x2   i~k1  ~x1   i~k2  ~x2)
=
V
2(2)6

4
3
k3F
2 Z
d3rv(r)
=
V
724
k6F
Z
d3rv(r)
hijjv(r)jjii = 1
2
X
~k1;~k2
h~k1~k2jv(r)j~k2~k1i (B.46)
=
1
2
Z
d3Xd3rv(r)
X
~k1;~k2
h~k1~k2j~x1~x2ih~x1~x2j~k2~k1i
=
V 3
2(2)6
Z
d3rv(r)
Z
d3k1d
3k2
1
V 2
exp(i~k1  ~x2 + i~k2  ~x1   i~k1  ~x1   i~k2  ~x2)
=
V
2(2)6
Z
d3rv(r)
Z
d3k1d
3k2 exp(i(~k2   ~k1)  ~r)
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=
V
2(2)6
Z
d3rv(r)[
Z
2k31dk1
Z
sin d exp(ik1r cos )]
2
=
V
2(2)6
(4k3F )
2
Z
d3rv(r)

j1(kF r)
kF r
2
=
V
724
k6F
Z
d3rv(r)l21(kF r)
hijj~qv(r)~qjiji = 1
2
X
~k1;~k2
h~k1~k2j~qv(r)~qj~k1~k2i (B.47)
=
1
2
Z
d3Xd3rv(r)
X
~k1;~k2
jh~x1~x2j~qj~k1~k2ij2
=
V
2(2)6
Z
d3rv(r)
Z
d3k1d
3k2
1
4
(~k1   ~k2)2
=
V
8(2)6
Z
d3rv(r)2
Z
k21d
3k1d
3k2
=
V
4(2)6

4
5
k5F

4
3
k3F
Z
d3rv(r)
=
V
2404
k8F
Z
d3rv(r)
hijj~qv(r)~qjjii = 1
2
X
~k1;~k2
h~k1~k2j~qv(r)~qj~k2~k1i (B.48)
=
1
2
Z
d3Xd3rv(r)
X
~k1;~k2
h~k1~k2j~qj~x1~x2ih~x1~x2j~qj~k1~k2i
=   V
2(2)6
Z
d3rv(r)
Z
d3k1d
3k2
1
4
(~k1   ~k2)2 exp(i(~k2   ~k1)  ~r)
=   V
8(2)6
Z
d3rv(r)
Z
d3k1d
3k2(k
2
1 + k
2
2   2~k1  ~k2) exp(i(~k2   ~k1)  ~r)
=   V
4(2)6
Z
d3rv(r)

4k3F
j1(kF r)
kF r
4k5F

2j0(kF r)
(kF r)2
+

1
kF r
  6
(kF r)3

j(kF r)

 

4k4F

 j0(kF r)
kF r
+
3j1(kF r)
(kF r)2
2
=
15V k8F
2404
Z
d3rv(r)

j0(kF r)
(kF r)2
+

15
(kF r)4
  1
(kF r)2

j21(kF r) 
8
(kF r)3
j0(kF r)j1(kF r)

=
V
2404
k8F
Z
d3rv(r)l2(kF r)
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hijjqrv(r)qrjiji = 1
2
X
~k1;~k2
h~k1~k2jqrv(r)qrj~k1~k2i (B.49)
=
1
2
Z
d3Xd3rv(r)
X
~k1;~k2
jh~x1~x2j~qrj~k1~k2ij2
=
V
2(2)6
Z
d3rv(r)
Z
d3k1d
3k2
1
4

~r
r
(~k1   ~k2)
2
=
V
8(2)6
Z
d3rv(r)2
Z
~r  ~k1
r
d3k1d
3k2
=
V
4(2)6

4
15
k5F

4
3
k3F
Z
d3rv(r)
=
V
7204
k8F
Z
d3rv(r)
hijjqrv(r)qrjjii = 1
2
X
~k1;~k2
h~k1~k2jqrv(r)qrj~k2~k1i (B.50)
=
1
2
Z
d3Xd3rv(r)
X
~k1;~k2
h~k1~k2jqrj~x1~x2ih~x1~x2jqrj~k1~k2i
=   V
2(2)6
Z
d3rv(r)
Z
d3k1d
3k2
1
4

~r
r
 (~k1   ~k2)
2
exp(i(~k2   ~k1)  ~r)
=   V
4(2)6
Z
d3rv(r)

4k3F
j1(kF r)
kF r
4k5F

4j0(kF r)
(kF r)2
+

1
kF r
  12
(kF r)3

j(kF r)

 

4k4F

 j0(kF r)
kF r
+
3j1(kF r)
(kF r)2
2
=
45V k8F
7204
Z
d3rv(r)

j0(kF r)
(kF r)2
+

21
(kF r)4
  1
(kF r)2

j21(kF r) 
10
(kF r)3
j0(kF r)j1(kF r)

=
V
7204
k8F
Z
d3rv(r)l3(kF r)
When we consider the form factor on the OBEP, the interaction can be changed as,
1
q2 +m2

2  m2
q2 + 2
2
=
1
q2 +m2
  1
q2 + 2
+ (2  m2)
d
d2
1
q2 + 2
(B.51)
q2
q2 +m2

2  m2
q2 + 2
2
=
2
q2 + 2
  m
2

q2 +m2
  (2  m2)
d
d2
2
q2 + 2
(B.52)
Appendix C
The extended chiral mean eld model
Recently, Kaiser et al. have made an interesting work, where they have studied the role
of the pion systematically using expansion in the Fermi momentum [69]. They have found
that the pion exchange interaction plays the major role for providing the binding energy and
the saturation property of nuclear matter. Particularly important in the pion contribution
is the direct iterated one-pion exchange diagram, which is far dominant as compared with
other terms such as the Fock term and the crossed 2p-2h excitation term. We would like to
call the direct iterated pion exchange term as the two-particle-two-hole (2p-2h) excitation
diagram in this section.
Another development was made recently by Ericson et al. who have studied nuclear
matter by using a chiral model Lagrangian [97]. Their treatment of the one-pion exchange
interaction is, however, dierent from that of Kaiser et al. [69], and the resulting role
of the pion exchange interaction on the property of nuclear matter is very dierent. The
pion contribution is not as large as that of Kaiser et al. , while the role of the  meson
exchange is largely attractive to provide sucient binding energy. They have also studied
chiral properties of nuclear matter such as the chiral condensate and the scalar susceptibility
which are the rst and second order derivatives of the grand potential with respect to the
bare quark mass while keeping the chemical potential xed.
We should nd out why completely dierent conclusions are derived from the work of
Kaiser et al. [69] and the work of Ericson et al. [97]. After clarifying this, we would also
like to study chiral properties of nuclear matter, since they are largely inuenced by the
treatment and the resulting roles of the pion contribution.
In order to work out nuclear matter properly by including pion contributions, we point
out that there are important works in recent years on the treatment of the pion exchange
potential, especially on the tensor interaction by means of the so called tensor optimized
shell model (TOSM) [98, 99]. Myo et al. included all 2p-2h congurations with various an-
gular momenta which mix in the ground state by the tensor interaction. The pion exchange
interaction has a large tensor term, which should be treated in the TOSM prescription. Fur-
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thermore, the short range repulsive interaction, which is caused by quark structure of the
nucleon [27], is nicely treated in terms of the unitary correlation operator method (UCOM)
by Feldmeier et al. [61, 62]. The central spin-spin interaction of the one-pion exchange
interaction is subject to the short range correlation, which are treated by the UCOM pre-
scription. In our study we are able to use these two methods for the study of the eect of
the pion in nuclear matter. Hence, the second purpose of the present study is to develop a
method to treat the pion exchange interaction with the inclusion of the short range eect
for the study of nuclear matter.
We write the Hamiltonian density, H of chiral sigma model, instead of Lagrangian density
as follows [100, 101, 102, 103],
H =  y( i~  ~r+ MN + g + g!!) (C.1)
+
1
2
m2
2 + f
3 +

4
4   1
2
m2!!
2   eg!2f!2   1
2
eg!22!2
 1
2
Z
d3x0
Z
d3k
(2)3

gA
2f
2
 (x)5
ak (x)
ei
~k(~x ~x0)
~k2 +m2
 (x0)5ak (x0):
We have written here explicitly only the time component of the omega meson eld to antic-
ipate the mean eld treatment.
We introduce now a trial wave function for the ground state,
	(; !;  ) = 	(; !)	N(fcig): (C.2)
Here, 	(; !) is a coherent state dened by
h	(; !)jj	(; !)i = ; (C.3)
h	(; !)j!j	(; !)i = ;0!:
We do not need an explicit form of the coherent state wave function for the  and ! mesons.
We need only the mean eld values,  and !, which are hereafter classical elds. This
procedure corresponds to the relativistic mean eld (RMF) approximation.
For the nucleon part 	N(fcig), we write a variational wave function by including 2p-2h
components for the optimization of pion contributions, following the TOSM prescription for
nite nuclei,
	N(fcig) = c0j0i+
X
i
cij2p-2h : ii; (C.4)
where j2p-2h : ii is written explicitly as
j2p-2h : ii = ay
~p1+~k;s1;t1
a~p1;s2;t2a
y
~p2 ~k;s3;t3a~p2;s4;t4 j0i: (C.5)
Here, ay and a are creation and annihilation operators of nucleon state, and j0i denotes
the ground state in the mean eld approximation. This equation shows creation of particle
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and hole states of nucleon carrying momenta as indicated by the subscripts of the nucleon
creation and annihilation operators. The extra subscripts s and t denote the spin and isospin
of the nucleon. For simplicity, these three indices (~p; s; t) are expressed by a single label i in
Eq.(C.5). The corresponding diagram is shown in Fig.C.1.
~k
~p1 ~p1 + ~k ~p2~p2 − ~k
Figure C.1: Feynman diagram for 2p-2h state.
The single particle wave function is a product of a plane wave solution, u(~p; s)e ipx with
a momentum ~p and a spin s, and an isospin wave function, (t), of isospin t,
 (x) =
1p
V
u(~p; s)e ipx(t): (C.6)
Here, V is the volume in which periodic boundary condition is imposed. We take the
normalization condition for the spinor u(~p; s) as uy(~p; s)u(~p; s) = 1.
We will now make variation of the total energy with respect to the parameters in the
trial wave function; , ! and fcig. The total energy per unit volume E is written as
E(; !; fcig) = h	j
Z
d3xHj	i=V = h	jHj	i=V; (C.7)
where H is the Hamiltonian. Then, the minimization of E with respect to  and ! provides
m2 =  gh	N j   j	Ni+ eg!2f!2 + eg!2!2   3f2   3; (C.8)
m2!! = g!h	N j y j	Ni   2 eg!2f!   eg!22!:
These two equations determine the mean eld values of  and ! when the scalar density
h	N j   j	Ni and the vector density h	N j y j	Ni of the ground state are given. For this
we need an equation to determine 	N .
We write the total energy as
h	jHj	i = c0c0h0jHj0i+
X
j
c0cjh0jHj2p-2h : ji (C.9)
+
X
i
ci c0h2p-2h : ijHj0i+
X
i;j
ci cjh2p-2h : ijHj2p-2h : ji:
Here, the sigma and omega meson elds take the mean eld values in the above matrix
element of the Hamiltonian. The energy of the 0p-0h state is given by the expression of the
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relativistic mean eld (RMF) model,
h0jHj0i = 4
V
pFX
j~pj
q
~p2 +M2N + g!!V (C.10)
+
1
2
m2
2 + f
3 +

4
4   1
2
m2!!
2   eg!2f!2   1
2
eg!22!2;
where the factor 4 of the rst term includes spin and isospin degrees of freedom and V is
V =
4
V
pFX
j~pj
1 = 4
Z pF d3p
(2)3
=
2
32
p3F : (C.11)
The nucleon eective mass is written as
MN =MN + g: (C.12)
In Eqs.(C.10)-(C.11), ~p is discredited by the quantization in a nite size box. However, we
shall replace the summation by integration using the rule, 1
V
P
i !
R
d3p
(2)3
, and write the
momentum as a continuous variable.
For the matrix element between j0i and j2p-2hi, we obtain
h0j   1
2

gA
2f
2 Z
d3x1d
3x2
Z
d3k
(2)3
 (x1)5
ak (x1) (C.13)
ei
~k( ~x1  ~x2)
~k2 +m2
 (x2)5
ak (x2)j2p-2h : ii
=  

gA
2f
2
u(~p1 + ~k; s1)5~  ~ku(~p1; s2)ht1jajt2i
1
~k2 +m2
u(~p2   ~k; s3)5~  ~ku(~p2; s4)ht3jajt4i:
As for the 2p-2h matrix elements, we take an approximation of taking only the single particle
part and drop the contribution of the pion exchange interaction,
h2p-2h : ijHj2p-2h : ji  i;j 1
V
2p-2h + i;jh0jHj0i; (C.14)
where
2p-2h =
q
(~p1 + ~k)2 +M2N  
q
~p21 +M
2
N (C.15)
+
q
(~p2   ~k)2 +M2N  
q
~p22 +M
2
N :
Having all the above ingredients, we can write the total energy as
h	jHj	i = h0jHj0i(c0c0 +
X
i
ci ci) +
X
i
c0cih0jHj2p-2h : ii (C.16)
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+
X
i
ci c0h2p-2h : ijHj0i+
X
i
ci ci
1
V
2p-2h:
Using the normalization condition
h	j	i = c0c0 +
X
i
ci ci = 1; (C.17)
we get the following equation by variation of E = h	jHj	ih	j	i with respect to c

i as
c0h2p-2h : ijHj0i+ ci 1
V
2p-2h + h0jHj0ici   Eci = 0: (C.18)
We can then solve for ci as
ci =
 c0h2p-2h : ijHj0i
1
V
2p-2h + h0jHj0i   E ; (C.19)
where E is the ground state energy. This equation can be solved iteratively. We point out
here that the expression for ci in Eq.(C.19) becomes the one of perturbation if we drop
h0jHj0i   E in the denominator. In the actual calculation we make the self-consistent
calculation with this term in Eq.(C.19). The self-consistency condition provides important
eects in the structure of nite nuclei in the tensor optimized shell model [99].
We get the nucleon wave function, 	N , by solving the above equations for ci. Hence, we
can calculate the vector and scalar densities for the mean eld equations,
V = h	N j y j	Ni (C.20)
= h0j y j0i+
X
i
ci ci
1
V

uy(~p1 + ~k; s1)u(~p1 + ~k; s1) + uy(~p2   ~k; s3)u(~p2   ~k; s3)
 uy(~p1; s2)u(~p1; s2)  uy(~p2; s4)u(~p2; s4)

=
2
32
p3F ;
S = h	N j   j	Ni = 4
Z
d3p
(2)3
MNp
p2 +M2N
+
X
i
ci ci
1
V0@ MNq
(~p1 + ~k)2 +M2N
+
MNq
(~p2   ~k)2 +M2N
  M

Np
p21 +M
2
N
  M

Np
p22 +M
2
N
1A ;
where we have used the spinor normalization condition uy(~p; s)u(~p; s) = 1.
We work out now the summation of all the quantum states involving 2p-2h excitations;
integration over ~p1, ~p2 and ~k for the case of perturbation. Here, we use the expression of
Eq.(C.19) without h0jHj0i   E in the denominator. After tedious calculation, we get the
energy for the 2p-2h excitations,
E2p-2h =  3M

Ng
4
Ak
7
F c0c

0
2f 4(2)
4
(C.21)
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0
dx
x5
(x2 +m2=4k
2
F )
2

(58  80 ln 2)x2
15
  2x
4
5
+
8
15
ln
 
1  x2+ x  2x3
3
+
x5
5

ln

1 + x
1  x

+
Z 1
1
dx
x5
(x2 +m2=4k
2
F )
2

44x
15
+
8x3
15
+

 8x
3
3
+
8x5
15

ln

1  1
x2

+

8
15
  8x
2
3

ln

x+ 1
x  1

;
where we have used x = p=2kF and x
2=(x2+m2=4k
2
F ) term represents the one-pion exchange
interaction. In actual calculation, we use the expression of Eq.(C.19) which include h0jHj0i 
E in the denominator for the equation of state and chiral condensate. It will become a self-
consistent calculation with total energy E. But the expressions are very complicated and
long, we do not write here explicitly. We notice that the second integration in Eq. (C.21)
is divergent. We regularize it by introducing the dipole pion-nucleon form factor on the
pion exchange interaction, which reects the nite size eect of the nucleon. Furthermore,
for the spin-spin interaction originating from the one-pion exchange interaction, we consider
furthermore the eect of the short range correlation in terms of UCOM.
For the use of the central interaction after the UCOM prescription is performed in our
formulation, we expand the modied central interaction in terms of gaussian functions and
then Fourier transform the coordinate space interaction in the momentum space.
~V (r) = V (R+(r)) =
X
i
ai exp

 ( r
ri
)2

: (C.22)
We can then easily perform Fourier transform and the momentum space expression is ob-
tained as
~V (k) =
X
i
ai(r
2
i )
3=2 exp
 
 
~k2r2i
4
!
: (C.23)
Because we just consider the UCOM for the central part of the pion nucleon interaction,
we work out now the part which contains spinors in order to separate the matrix element
between j0i and j2p-2hi into the spin-spin part and the tensor part,
M = u(~p1 + ~k; s1)5~  ~ku(~p1; s2) 1~k2 +m2
u(~p2   ~k; s3)5~  ~ku(~p2; s4) (C.24)
= uy(~p1 + ~k; s1)uy(~p2   ~k; s3)
 
1 0
0 1
!
1
~1  ~k~2  ~k
~k2 +m2
 
1 0
0 1
!
2
u(~p1; s2)u(~p2; s4);
where the matrices with sux 1 and 2 are those for particle 1 and 2, respectively. Now we
can separate the pion exchange potential into the central and the tensor parts by using the
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relation,
~1  ~k~2  ~k
k2 +m2
=
1
3
"
~1  ~2 k
2
k2 +m2
+
3~1  ~k~2  ~k   k2 ~1  ~2
k2 +m2
#
: (C.25)
On the right hand side, the rst term is the central part and the second term is the tensor
part. By including the short range correlation with the UCOM for the central part, we can
express the interaction as
1
3
"
~1  ~2

~V (k)  V (k)

+
3~1  ~k~2  ~k
k2 +m2
#
; (C.26)
where V (k) = ~k2=(~k2 + m2) is the central part of the original interaction and ~V (k) is the
modied one by the UCOM. For simplicity, we shall take the non-relativistic approximation
for the evaluation of the spin matrix elements,
M =
1
3

~V (k)  V (k)

hs1ja1 js2ihs3ja2 js4i (C.27)
+
hs1j~1  ~kjs2ihs3j ~2  ~kjs4i
k2 +m2
:
Here, we have dropped the exchange term contribution, although it is straightforward to
work out.
Finally, we have to make a self-consistent calculation in order to get the solution of the
whole system by energy minimization. We make the nonrelativistic approximation for the
nucleon energy
p
p21 +m
2 and also for the spin matrix elements. Since we solve the above
equations step by step, we shall provide the squared quantity for the matrix element between
j0i and j2p-2hi. The squared matrix elements are written as
jh0jHj2p-2h : iij2
=

gA
2f
4
1
V 2
(j~p1 + ~kj   kF )(j~p2   ~kj   kF )(kF   j~p1j)(kF   j~p2j)
 
Trfa bg2 
1
9

~V (k)  V (k)
2
Trfa1b1gTrfa2b2g+
Trf(~1  ~k)2gTrf(~2  ~k)2g
(k2 +m2)
2
+
1
3
~V (k)  V (k)
k2 +m2

Trfa1~1  ~kgTrfa2~2  ~kg+ Trf~1  ~kb1gTrf~2  ~kb2g
!
=

gA
2f
4
1
V 2
(j~p1 + ~kj   kF )(j~p2   ~kj   kF )(kF   j~p1j)(kF   j~p2j) 120@12
9

~V (k)  V (k)
2
+
4k4
(k2 +m2)
2
+
8
3
k2

~V (k)  V (k)

k2 +m2
1A ; (C.28)
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where we have used Trfabg = 2ab, Trf~  ~a~ ~bg = 2~a ~b and Trfa~  ~kg = 2ka, where
ka is the a-th component of ~k. Since V (k) =
~k2
~k2+m2
, we get
jh0jHj2p-2h : iij2
=

gA
2f
4
12
V 2
(j~p1 + ~kj   kF )(j~p2   ~kj   kF )(kF   j~p1j)(kF   j~p2j)
4V 2(k) +
4
3

~V 2(k)  V 2(k)

: (C.29)
Therefore, when we consider the UCOM eect in our program, we just have to use the mod-
ied matrix elements of Eq.(C.29) instead of the corresponding part appearing in Eq.(C.21),
which contains V 2(k).
Finally, we consider the nucleon form factor which is associated with the nite size of
the nucleon [11]. Here, we employ the dipole form factor in which we replace the one-pion
exchange interaction
~k2
~k2+m2
in the momentum space by
~k2
~k2 +m2
!
~k2
~k2 +m2

2  m2
2 + ~k2
2
: (C.30)
We can then manipulate this as
~k2
~k2 +m2

2  m2
2 + ~k2
2
=
 
~k2
~k2 +m2
 
~k2
~k2 + 2
!
2  m2
2 + ~k2

(C.31)
=
2
~k2 + 2
  m
2

~k2 +m2
  
2  m2
2
@
@
2
2 + ~k2
:
This form indicates that calculations can be performed with the Yukawa interaction. This
is true even for the case ~k2 is included in the numerator.
We would like to start with modication of the pion exchange interaction due to the
nucleon form factor and the short range correlation eect. We show rst the eect of the form
factor in Fig.C.2, where shown is the momentum dependent part of the one-pion exchange
interaction, V (~k) = ~k2=(~k2 +m2). The pion exchange interaction without the form factor
increases with momentum, while that with the form factor decreases in the high momentum
region. As the cuto momentum, , is decreased, the pion exchange interaction decreases
particularly in the high momentum region. Due to this behavior, the energy gain associated
with the pion is smaller for a smaller  by cutting down the contribution from the high
momentum region.
Next, the eect of the short range correlation is shown in Fig.C.3. The pion exchange
interaction can be separated into the tensor interaction and the spin-spin central interaction.
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Figure C.2: The momentum dependent part of the pion exchange interaction with and without
the form factor as function of momentum. The dot-dashed curve corresponds to the interaction
without the form factor, the dashed curve denotes the one with the form factor of  = 1000 MeV
and the solid curve with  = 700 MeV.
The tensor interaction requires the change of the quantum number of angular momentum by
two, l = 2, because the tensor operator is written as S12(r^) =
p
24[[1  2](2)  Y2(r^)](0).
Hence, the lowest angular momentum involved in the matrix element of the tensor interaction
is between s-state (l = 0) and d-state (l = 2). The d-state is pushed away from the central
region due to the centrifugal potential, Vc(r = 0:5 fm)  1000 MeV, and hence the eect of
the short range correlation is negligible for the tensor interaction. Therefore, in the following
discussion, we shall neglect the short range correlation eect for the tensor part of the pion
exchange interaction [99].
On the other hand, the eect of the short range correlation is large and essential for the
spin-spin central interaction, because it works between s-states. In this case, there is no
centrifugal barrier to protect two nucleons to approach into the short range region. We shall
take care of the short range correlation eect for the spin-spin central interaction by the
UCOM. We choose two sets of parameters. One is the set of Feldmeier and Ne,  = 0:94
fm,  = 1 fm and  = 0:37 [61], and the other set is  = 0:8 fm,  = 0:6 fm and  = 0:37.
These two sets of UCOM parameters provide the function R+(r) as function of the relative
coordinate of two nucleons, r, as shown in Fig.C.3. They also provide modication of the
wave function at r . 0:5 fm as shown in the right panel of Fig.C.3 ( = U). It is important
to express the behavior of the short range part of modied wave functions as closely as
possible to the rigorous relative wave function [62].
The spin-spin central part with the UCOM eect, ~V (r) and ~V (k) in Eqs. (C.22) and
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Figure C.3: R+(r) of the UCOM transformation with a shorter range correlation function ( = 0:6
fm) shown by the solid curve and the one with longer range correlation function ( = 1 fm) shown
by the dashed curve in the left panel. These transformation functions modify the wave function
near the origin as shown in the right panel, respectively. Here, the uncorrelated wave function used
for presentation is a constant  = 1 as shown by the thin dashed line.
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Figure C.4: The spin-spin central part of the pion exchange interaction with and without UCOM
for the case =700 MeV in coordinate space in the left panel and one in momentum space in the
right panel. The dot-dashed curve corresponds to the interaction without UCOM, the solid curve
corresponds to UCOM with  = 0:6 fm and the dashed curve with  = 1 fm.
(C.23), are shown in Fig.C.4, where we show the case with  = 700 MeV. We compare the
spin-spin central part of the pion exchange interaction in the coordinate- and momentum-
space with and without the UCOM eect. We see that the short range part of the central
interaction is largely reduced by the UCOM eect. When the parameter  is large, the eect
of the short range correlation is large. As we see in the gure, the UCOM eect cuts down
the central part of the pion exchange interaction by about 2040%.
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We present now numerical results of equation of state (EOS) for nuclear matter as func-
tion of nuclear matter density in Fig.C.5. In the EOS, we choose the parameter set:  = 0:8
fm,  = 0:6 fm and  = 0:37 for the UCOM eect. We show the EOS for two cases of dierent
's, 635 MeV and 700 MeV. Both cases can reproduce the saturation properties (saturation
energy, E=A = 16:8 MeV, at density, 0 = 0:142 fm
 3) by adjusting g! and m as tabulated
in Table C.1, set A and B, where other properties of the nuclear matter (incompressibility,
K, and the nucleon eective massM) are also shown. The dashed curve corresponds to the
set  (MeV) g! m (MeV) K (MeV) M

N (0)=MN
A 635 6.894 867 435 0.837
B 700 6.89 896.5 401 0.850
Table C.1: Two parameter sets used in our numerical calculations. Set A uses a smaller form
factor,  = 635 MeV and Set B uses a larger one,  = 700 MeV
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Figure C.5: The equation of state (EOS) of nuclear matter as function of nuclear density. The
dashed curve corresponds to the result of chiral sigma model (CSM) without the pionic eect, the
dot-dashed curve denotes the result of extended chiral sigma model (ECSM) with the inclusion of
the pion exchange eect with the form-factor of  = 635 MeV and the solid curve the ECSM result
with  = 700 MeV. The dotted curve is the result of RMF with the parameter set of TM1 for
comparison [23].
result of chiral sigma model without the pionic eect, while the dot-dashed and solid curves
correspond to the results with the pionic eect (ECSM) with set A and B, respectively. They
are compared with a phenomenological EOS, which is calculated by using RMF with the
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TM1 parameters [23]. From Fig.C.5, we observe that the nuclear matter of the chiral sigma
model (K  650 MeV) is stier than the phenomenological one of TM1 (K  280 MeV).
By including the pionic eect in the ECSM, we can obtain a softer nuclear matter, though
the incompressibility (K  400MeV) is still larger than the phenomenological one. We can
reduce further the incompressibility, K, by increasing  to have more contribution from the
pion. The  meson mass, m, however, has to increase for larger pionic contribution in order
to reduce the sigma meson contribution. In order to keep the  mass in a reasonable range,
we choose  = 700 MeV, which is close to the one of Kaiser et al. [69].
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Figure C.6: Energy contributions from various terms for EOS as functions of nuclear density in
ECSM
Energy contributions from various terms for EOS as functions of nuclear density. In the left panel,
the pion contribution due to the tensor part is shown by dot-dashed curve, while that of the
spin-spin part by dotted curve. The interaction energy due to the  and ! meson contributions is
shown by solid curve. The kinetic energy is shown by dashed curve. In the right panel, the
dashed curve corresponds to the energy of mean eld ground state. The dot-dashed curve
corresponds to the pionic contribution, E2p-2h. The whole energy is shown by the solid curve.
We show now various components for EOS in Fig. C.6. For this calculation we take the
parameter set B. In the left panel, the dotted curve shows the contribution of the central
part of the pion exchange interaction. The tensor part shown by the dot-dashed curve
provides a large contribution as it reproduces the binding energy of 15 MeV per nucleon at
the saturation density. The contribution of the other interaction, due to  and ! exchanges,
is shown by the solid curve. At low density the + ! contribution provides large attraction
as the tensor contribution, while it rapidly becomes repulsive at higher density due to the
repulsion of !. At the saturation density, the tensor part of the pion exchange interaction
provides the attraction as large as the +! interaction at the saturation density. The kinetic
energy is shown here by the dashed curve. We neglect here modication of the kinetic energy
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due to the UCOM eect. In the right panel, the dashed curve denotes the contribution of
the mean eld part of the Hamiltonian, h0jHj0i. Unlike the standard RMF calculation, this
0p-0h part does not provide enough attraction for the binding of nuclear matter. The dot-
dashed curve denotes the contribution coming from the pion exchange interaction, E2p-2h.
The total energy is shown by the solid curve, where the pion exchange contribution turns
out to almost coincide with the whole energy until the saturation density.
We should compare our results with other studies. First, we compare with the results
of the variational calculations for light nuclei by Argonne group [70]. They conclude that
the contribution of the pion exchange interaction to the entire two-body interaction energy
is about 70  80%. If we see the contribution due to the tensor part for 4He, it is about
a half of the entire attraction. This feature is consistent with our present result as seen in
Fig. C.6. We nd here that about 50% of attraction comes from the tensor part of the
pion exchange interaction. Additionally we have a contribution from the spin-spin part,
which adds the contribution from the tensor part to make the entire contribution of the pion
exchange interaction about 60% of the entire two body attraction.
Our result is also qualitatively similar to the one of Kaiser et al. [69]. A large amount
of attraction is caused by the pion exchange interaction. They calculated the pion 2p-2h
contributions without consideration of the short range correlation eect. The Pauli blocking
eect, calculated separately in their study, is quite large to reduce the 2p-2h contribution by
about one third. In addition, the short range correlation eect further cuts down the 2p-2h
contribution. They have calculated the Fock term contribution of pion exchange interaction
and the crossed diagram of 2p-2h excitations, which are much smaller than the dominant 2p-
2h direct contribution. In our case, the Fock contribution from the pion exchange interaction
is estimated to be about 7 MeV repulsive at the saturation density. However, in the present
study, we have not included this contribution to be consistent with the RMF approximation
used for  and ! mesons. In fact, the inclusion of the Fock term contributions due to  and
! exchanges provides slightly attractive energy, which overcomes the repulsive contribution
from the pion exchange Fock term, resulting slightly a attractive result[97]. If we were to
include the pion Fock contribution, we reduce somewhat the coupling strength of the omega
meson exchange interaction in order to get a similar energy of nuclear matter.
We also make comment on the study of Ericson et al. [97]. When we calculate the
contribution of the pion, we have to include explicitly all the strength coming from the one-
pion exchange interaction. This is achieved in our study in terms of the TOSM prescription
[99], since the tensor component of the one-pion exchange interaction needs large 2p-2h ex-
citations, which are taken care by Kaiser et al. [69]. On the other hand, Ericson and her
collaborators treated this eect in terms of the G-matrix by using the Landau-Migdal param-
eter, g0. Therefore, the tensor contribution is eectively included in the scalar part, +!, in
their prescription. The binding energy can be calculated by choosing the coupling constants
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of the meson-nucleon couplings, and therefore the  + ! contribution is overestimated.
Appendix D
Partial wave and helicity states for
OBE potential
The matrix element of a local potential in coordinate space with plane wave function can be
expressed as,
hq0jV jqi = 1
(2)3
Z
d3re iq
0rV (r)eiqr (D.1)
=
1
(2)3
Z
d3r
X
L0
i L
0
(2L0 + 1)PL0(q^0  r^)jL0(q0r)V (r)
X
L
iL(2l + 1)PL(q^  r^)jL(kr);
where jl(r) is the spherical Bessel function of the rst kind. Using the addition theorem for
spherical harmonics function,
PL0(q^0  r^) = 4
2L0 + 1
X
m
Y L0m(q^  r^)YL0m(q^0  q^); (D.2)
we can carry out the angular integral to give
hq0jV jqi = 1
(2)3
X
l
4(2L+ 1)PL(q^0  q^)
Z
r2drjL(q
0r)V (r)jL(qr) (D.3)
=
X
Lm
Y Lm(q^0)YLm(q^)hq0jVLjqi:
We called the hq0jVLjqi as the partial wave matrix for potential V (r). Let us, for example,
nd the lowest partial of Yukawa potential,
V (r) = V0
e r
r
: (D.4)
This term can be written as,
hq0jVL=0jqi = 2

Z
r2drj0(q
0r)V0
e r
r
j0(qr) (D.5)
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=
2

V0
4qq0
ln
(q0 + q)2 + 2
(q0   q)2 + 2
=
2

V0
2qq0
Q0

q
02 + q2 + 2
2q0q

:
The quantity, Q0, on the right-hand side is the Legendre function of the second kind. Actu-
ally, we can obtain the case of general L,
hq0jVLjqi = 2

V0
2qq0
QL

q
02 + q2 + 2
2q0q

: (D.6)
When the spin and isospin are considered, the two-body momentum states are written
as jk1k2i. It's convenient to introduce the relative momentum q = (k1   k2)=2, and the
c.m momentum P = (k1 + k2)=2 of the two particles. Now the states in the coupled basis
with quantum numbers is given by the total spin and total isospin
jPq; SSzTTzi =
X

jk1k21z2z1z2zi(1
2
1z
1
2
2zjSSz)(1
2
1z
1
2
2zjTTz); (D.7)
where the angular momentum coupling coecients are the usual Clebsh-Gordan coecients.
It's also convenient to introduce the relative angular momentum L and couple it to the total
spin S to obtain the total angular momentum J
jPq; (LSJ)MTTzi =
X
mSz
(LmSSzjJM)
Z
d
qY

Lm(
q)jPq; SSzTTzi: (D.8)
The matrix elements of the NN potential between two-body states, which are usually em-
ployed in many-body calculation, can be written as
hP0q0; (L0S 0J 0)M 0T 0T 0zjV jPq; (LSJ)MTTzi (D.9)
= (P0  P)
X
i
V LL
0
i (q; q
0)h(LSJ)T jO^ij(L0SJ)T iJJ 0SS0TT 0MM 0JzJ 0z :
In this equation, we have used, in order, the conservation of total momentum, the Galilei
invariance (no explicit dependence on total momentum), the conservation of total angular
momentum J and the rotational invariance (no explicit dependence on M), the charge in-
dependence of nuclear force (conservation of T ) and nally the fact that for two particles of
spin 1
2
the operators O^i must also conserve the total spin S. The potentials Vi(q; q
0) are the
Fourier transform of the corresponding potentials in coordinate space,
V LL
0
i (q; q
0) =
2

iL L
0
Z
r2drr02dr0jL(qr)Vi(r; r0)jL0(qr0): (D.10)
However, the jLSJMi partial-wave states are not eigenfunction of the spin-momentum
space operators used in the general momentum space potential whereas all the experimental
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data are analyzed in this representation. The most appropriate decomposition of a momen-
tum space potential is the that into helicity states ji. Note that the helicity state function
ji is an eigenfunction of the operator 1
2
  q^ ( the spin operator and q^ the unit c.m. mo-
mentum of the nucleon) appearing in the potential. In such a basis the states are classied
by the momentum of the two nucleon (k1 and k2) and by the helicities 1 and 2 which
describe the projection of the spin of particles one and two along their respective direction
of motion. Having the matrix elements of V in the jJM12i representation (J the total
angular momentum of the two nucleons, M its z-component) it very simple to transform it
by means of Clebsch-Gordan coecients into the jLSJMi representation.
The expansion of hq0jV jqi into the angular states jJM12i is given by [104],
hq00102jV jq12i =
X
JM
hq^00102jJM0102ihJM12jq^12ih0102jV J(q0; q)j12i; (D.11)
where hJM12jq^12i is the transform matrix from the two plane wave state into the
angular momentum state. If we choose the incident direction along the z-axis and the
outcoming momentum q0 into the x-z plane, it is
hq00102jV jq12i =
X
J
2J + 1
4
dJ0(#)h0102jV J(q0; q)j12i; (D.12)
where # is the c.m. scattering angle between q0 and q;  = 1   2 and 0 = 01   02. The
dJ0(#) are the reduced rotation matrices. In particular
dJ0(#) = d
J
 0; (#) = ( ) 
0
dJ0(#): (D.13)
There is an orthogonality relation for these matrices,Z
d(cos#)dJ0(#)d
J 0
0(#) =
2
2J + 1
JJ 0 : (D.14)
The Eq.(D.12) can be inverted and we can obtain
h0102jV J(q0; q)j12i = 2
Z 1
 1
d(cos#)dJ0(#)hq00102jV jq12i: (D.15)
This is the basic formula for the representation of the potential in partial wave helicity
states. For the V J matrix elements, the invariance properties of the NN scattering imply
the following relations
i) Parity conservation
h0102jV J(q0; q)j12i = h 01; 02jV J(q0; q)j   1; 2i: (D.16)
ii) Conservation of total spin
h0102jV J(q0; q)j12i = h0201jV J(q0; q)j21i: (D.17)
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iii) Time-reversal invariance
h0102jV J(q0; q)j12i = h12jV J(q; q0)j0103i: (D.18)
Thus, parity and spin conservation alone reduce the total number of sixteen V J ampli-
tudes to six independent amplitudes. We choose the set,
V J1 = h++ jV J(q0; q)j++i V J2 = h++ jV J(q0; q)j    i (D.19)
V J3 = h+  jV J(q0; q)j+ i V J4 = h+  jV J(q0; q)j  +i
V J5 = h++ jV J(q0; q)j+ i V J6 = h+  jV J(q0; q)j++i;
where  = 1
2
is denoted by , and V Ji = V Ji (q0; q). The o-shell scattering of two nucleons,
hence, is determined by six amplitudes which in the on-shell case reduce to ve only. Because
of time-reversal invariance we have,
V J6 (q
0; q) = V J5 (q; q
0) (D.20)
and thus V J6 (q
2) = V J5 (q
2). However, the amplitudes, actually needed to treat the two-
nucleon and innite nuclear matter system, are the linear combinations,
0V J = V J1   V J2 1V J = V J3   V J4 (D.21)
12V J = V J1 + V
J
2
34V J = V J3 + V
J
4
55V J = 2V J5
66V J = 2V J6
There is the following transformation to take the potential matrices from the represen-
tation jJM12i into customarily employed state jLSJMi[104],
hL0SJM jV (q0; q)jLSJMi =
X
1201
0
2
hL0SJM jJM0102ih0102jV J(q0; q)j12ihJM12jLSJMi:(D.22)
The transformation matrix is given as
hLSJM jJM12i =

2L+ 1
2J + 1
 1
2
hLS0jJih1
2
1
2
; 1; 2jSi (D.23)
where hLS0jJi is the Clebsch-Gordan coecients.
Specifying L, L0 and S for a give J the six o-shell partial-wave amplitudes are:
i) Spin singlet state (S = 0, L0 = J = L)
0V J(q0; q) = V J1 (q
0; q)  V J2 (q0; q): (D.24)
ii) Spin triplet states (S = 1)
L0 = J = L:
1V J(q0; q) = V J3 (q
0; q)  V J4 (q0; q) (D.25)
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L0 = J   1 = L:
  V J =
1
2J + 1
h
J 12V J + (J + 1) 34V J +
p
J(J + 1)( 55V J + 66V J)
i
(D.26)
L0 = J + 1 = L:
++V J =
1
2J + 1
h
(J + 1) 12V J + J 34V J  
p
J(J + 1)( 55V J + 66V J)
i
(D.27)
L0 = J   1; L = J + 1:
 +V J =
1
2J + 1
hp
J(J + 1)( 12V J   34V J)  J 55V J + (J + 1) 66V J
i
(D.28)
L0 = J + 1; L = J   1:
+ V J =
1
2J + 1
hp
J(J + 1)( 12V J   34V J) + (J + 1) 55V J   J 66V J
i
(D.29)
We use the following Lagrangians for meson-nucleon coupling in one-boson-exchange-
potential (OBEP)
Lps =  gps  i5 '(ps); (D.30)
Lpv =   fps
mps
 5 @'
(ps);
Ls = +gs   '(s);
Lv =  gv   '(v)  
fv
4M
  (@'
(v)
   @'(v) );
with  the nucleon and '
()
() the meson elds. For isospin 1 mesons, '
() is to be replaced by
  '() with  l (l = 1; 2; 3) the usual Pauli matrices. ps, pv, s and v denote pseudo-scalar,
pseudo-vector, scalar and vector coupling/elds, respectively.
The above Lagrangians imply the following OBE amplitudes:
hq00102jV OBEps jq12i =  
g2ps
(2)3
u(q0; 01)i
5u(q; 1)u( q0; 02)i5u( q; 2)
(q0   q)2 +m2ps
(D.31)
hq00102jV OBEpv jq12i =
1
(2)3
f 2ps
m2ps
u(q0; 01)
5i(/q0   /q)u(q; 1)u( q0; 02)5i(/q0   /q)u( q; 2)
(q0   q)2 +m2ps
hq00102jV OBEs jq12i =  
g2s
(2)3
u(q0; 01)u(q; 1)u( q0; 02)u( q; 2)
(q0   q)2 +m2s
hq00102jV OBEv jq12i =
1
(2)3

gvu(q
0; 01)u(q; 1) +
fv
2M
u(q0; 01)i(q
0   q)u(q; 1)


gvu( q0; 02)u( q; 2) 
fv
2M
u( q0; 02)i(q0   q)u( q; 2)

=[(q0   q)2 +m2v]
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Working in the two-nucleon c.m. frame, the momenta of two incoming (outgoing) nucleons
are q and  q (q0 and  q0). The Dirac spinors in helicity representation are given by
u(q; 1) =
r
E +M
2M
 
1
21q
E+M
!
j1i (D.32)
u( q; 2) =
r
E +M
2M
 
1
22q
E+M
!
j2i;
where q = jqj and E =pM2 + q2. They are normalized covariantly, that is
u(q; )u(q; ) = 1: (D.33)
If we choose q along the z-axis and q0 in the xz-plane, there is,
j1i = 1 ; j2i =  2 ; (D.34)
j01i = exp

  i
2
y#

01 ; j02i = exp

  i
2
y#

 02 ;
with # the angle between q and q0. j(0)i i is the eigenstate of the helicity operator for the
ith particle with unit momentum p^i,
1
2
i  p^ij(
0)
i i = (
0)
i j(
0)
i i (D.35)
and  is the conventional Pauli spinor
1
2
z = : (D.36)
Now we can obtain the OBE amplitudes more explicitly,
hq00102jV OBEps jq12i =
g2ps
(2)3
W 0W
4M2

21q
W
  2
0
1q
0
W 0

22q
W
  2
0
2q
0
W 0

(D.37)
 h
0
1
0
2j12i
(q0   q)2 +m2ps
;
hq00102jV OBEpv jq12i =
1
(2)3
f2ps
m2ps
W 0W
M2
h0102j12i
(q0   q)2 +m2ps


(Eq   Eq0)

1q
W
+
01q
0
W 0

  (1q   01q0)

1 +
41
0
1qq
0
WW 0



(Eq   Eq0)

2q
W
+
02q
0
W 0

  (2q   02q0)

1 +
42
0
2qq
0
WW 0

;
hq00102jV OBEs jq12i =  
g2s
(2)3
W 0W
4M2

1  41
0
1qq
0
WW 0

1  42
0
2qq
0
WW 0

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 h
0
1
0
2j12i
(q0   q)2 +m2s
:
For vector boson exchange, the potential is the sum of three term (V OBEv = V
OBE
vv +
V OBEtt + V
OBE
vt ),
hq00102jV OBEvv jq12i =
g2v
(2)3
W 0W
4M2

1 +
41
0
1qq
0
WW 0

1 +
42
0
2qq
0
WW 0

h0102j12i(D.38)
 4

1q
W
+
01q
0
W 0

2q
W
+
02q
0
W 0

h0102j1  2j12i

 1
(q0   q)2 +m2v
hq00102jV OBEtt jq12i =
f2v
(2)3
W 0W
4M2

1 +
41
0
1qq
0
WW 0

1 +
42
0
2qq
0
WW 0

(D.39)
 2Eq + Eq0
M

1  161
0
12
0
2q
2q02
W 2W 02

+

1  41
0
1qq
0
WW 0



1 +
42
0
2qq
0
WW 0

3(EqEq0 +M
2) + qq0 cos#
2M2

h0102j12i
 

21q
W
+
201q
0
W 0

22q
W
+
202q
0
W 0

+
Eq0   Eq
M

4q0201
0
2
W 02
  4q
212
W 2

+
(Eq0   Eq)2
M2

1q
W
  
0
1q
0
W 0

2q
W
  
0
2q
0
W 0

h0102j1  2j12i

 1
(q0   q)2 +m2v
hq00102jV OBEvt jq12i =
2gvfv
(2)3
W 0W
4M2

W 0 +W
M
161
0
12
0
2q
2q02
W 2W 02
  Eq0   Eq
M
+ 2

h0102j12i
 

21q
W
+
201q
0
W 0

22q
W
+
202q
0
W 0

+
Eq0   Eq
2M

4q0201
0
2
W 02
  4q
212
W 2

h0102j1  2j12i

1
(q0   q)2 +m2v
:
In above equations, the abbreviations W = Eq +M;W
0 = Eq0 +M are used. Denoting
the angle between q and q0 by the #, the helicity state matrix elements needed are:
h0102j12i (D.40)
= fj01 + 1j cos
1
2
#+ (01   1) sin
1
2
#gfj02 + 2j cos
1
2
#  (02   2) sin
1
2
#g
h0102j1  2j12i;
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= +fj01   1j cos
1
2
#+ (01 + 1) sin
1
2
#gfj02   2j cos
1
2
#  (02 + 2) sin
1
2
#g
 fj01 + 1j sin
1
2
#  (01   1) cos
1
2
#gfj02 + 2j sin
1
2
#+ (02   2) cos
1
2
#g
+fj01   1j sin
1
2
#  (01 + 1) cos
1
2
#gfj02   2j sin
1
2
#+ (02 + 2) cos
1
2
#g;
where we have used the Eq.(D.34). Now we can use the Eq.(D.15) to evaluate the matrix
element of OBE in helicity partial wave state. For convenience, the reduced rotation matrices
dJ0(#) in Eq.(D.15) will be expressed in terms of the usual Legendre polynomials PJ(cos#).
It is
dJ00(#) = PJ(cos#) (D.41)
(1 + cos#)dJ11(#) = PJ +
J + 1
2J + 1
PJ 1 +
J
2J + 1
PJ+1
(1  cos#)dJ 11(#) =  PJ +
J + 1
2J + 1
PJ 1 +
J
2J + 1
PJ+1
sin#dJ10(#) =   sin#dJ01(#) =
p
J(J + 1)
2J + 1
(PJ+1   PJ 1)
Therefore, the basic integral is,
I
(0)
J (m) =
Z +1
 1
dt
PJ(t)
(q0   q)2 +m2
=
1
qq0
QJ(z); (D.42)
with t = cos#, z = (q
02 + q2 +m2)=2qq
0 and QJ(z) the Legendre function of the second
kind. And furthermore,
I
(1)
J (m) =
Z +1
 1
dt
tPJ(t)
(q0   q)2 +m2
=
1
qq0
Q
(1)
J (z); (D.43)
I
(2)
J (m) =
1
J + 1
Z +1
 1
dt
JtPJ(t) + PJ 1(t)
(q0   q)2 +m2
=
1
qq0
Q
(2)
J (z);
I
(3)
J (m) =
r
J
J + 1
Z +1
 1
dt
tPJ(t)  PJ 1(t)
(q0   q)2 +m2
=
1
qq0
Q
(3)
J (z);
I
(4)
J (m) =
Z +1
 1
dt
t2PJ(t)
(q0   q)2 +m2
=
1
qq0
Q
(4)
J (z);
I
(5)
J (m) =
1
J + 1
Z +1
 1
dt
Jt2PJ(t) + tPJ 1(t)
(q0   q)2 +m2
=
1
qq0
Q
(5)
J (z);
I
(6)
J (m) =
r
J
J + 1
Z +1
 1
dt
t2PJ(t)  tPJ 1(t)
(q0   q)2 +m2
=
1
qq0
Q
(6)
J (z);
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with
Q(1)(z) = zQJ(z)  J0; Q(2)(z) = 1
J + 1
(JzQJ(z) +QJ 1(z)); (D.44)
Q(3)(z) =
r
J
J + 1
(zQJ(z) QJ 1(z)); Q(4)(z) = zQ(1)J (z) 
1
3
J1
Q(5)(z) = zQ
(2)
J (z) 
2
3
J1; Q
(6)(z) = zQ
(3)
J (z) +
p
2
3
J1:
Here, these equations are veried with the help of the recurrence relations
tP(t) =
J + 1
2J + 1
PJ+1(t) +
J
2J + 1
PJ 1(t); (D.45)
zQJ(z) =
J + 1
2J + 1
QJ+1(z) +
1
2J + 1
QJ 1(z) + J0:
We state the nal expressions for the partial-wave OBE amplitudes in terms of the
combinations of helicity amplitudes.
Pseudo-scalar boson ( and  mesons; for  apply an additional factor 1  2):
0V Jps = Cps(F
(0)
ps I
(0)
J + F
(1)
ps I
(1)
J ); (D.46)
1V Jps = Cps( F (0)ps I(0)J   F (1)ps I(2)J );
12V Jps = Cps(F
(1)
ps I
(0)
J + F
(0)
ps I
(1)
J );
34V Jps = Cps( F (1)ps I(0)J   F (0)ps I(2)J );
55V Jps = CpsF
(2)
ps I
(3)
J ;
66V Jps =  CpsF (2)ps I(3)J ;
with
Cps =
g2ps
4
1
2M2
(D.47)
and
F (0)ps = EE
0  M2; F (1)ps =  qq0; F (3)ps =  M(E 0   E): (D.48)
Here, E = Eq and E
0 = Eq0 . Alternatively, the pseudo-vector (pv) coupling can be used for
pseudo-scalar mesons. The basic scheme is the same as above; just replace the subscript ps
by pv and use
F (0)pv = EE
0  M2 + (E 0   E)2(EE 0 + 3M2)=(4M2); (D.49)
F (1)pv =  qq0 + qq0(E 0   E)2=(4M2);
F (2)pv =  (E 0   E)[
1
4
(E 0   E)2 + EE 0]=M
and
Cpv =
f 2ps
4
4M2
m2
1
2M2
: (D.50)
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Dening,
gps = fps
2M
mps
; (D.51)
we can obtain that Cpv = Cps.
Scalar coupling (s) ( and  mesons; for  apply an additional factor of 1  2):
0V Js = Cs(F
(0)
s I
(0)
J + F
(1)
s I
(1)
J ); (D.52)
1V Js = Cs(F
(0)
s I
(0)
J + F
(1)
s I
(2)
J );
12V Js = Cs(F
(1)
s I
(0)
J + F
(0)
s I
(1)
J );
34V Js = Cs(F
(1)
s I
(0)
J + F
(0)
s I
(2)
J );
55V Js = CsF
(2)
s I
(3)
J ;
66V Js = CsF
(2)
s I
(3)
J ;
with
Cs =
g2s
4
1
2M2
(D.53)
and
F (0)s =  (EE 0 +M2); F (1)s = qq0; F (3)s =M(E 0 + E): (D.54)
Vector bosons (v) (! and  mesons; for  apply an additional factor 1  2):
Vector-vector coupling
0V Jvv = Cvv(2EE
0  M2)I(0)J ; (D.55)
1V Jvv = Cvv(EE
0I(0)J + qq
0I(2)J );
12V Jvv = Cvv(2qq
0I(0)J +M
2I
(1)
J );
34V Jvv = Cvv(qq
0I(0)J + EE
0I(2)J );
55V Jvv =  CvvMEI(3)J ;
66V Jvv =  CvvME 0I(3)J ;
with
Cvv =
g2v
4
1
M2
(D.56)
Tensor-tensor coupling
0V Jtt = Cttf(q02 + q2)(3EE 0 +M2)I(0)J (D.57)
+[q02 + q2   2(3EE 0 +M2)]qq0I(1)J   2q2q02I(4)J g;
1V Jtt = Cttf[4q2q02 + (q2 + q02)(EE 0  M2)]I(0)J + 2(EE 0 +M2)qq0I(1)J
 (q02 + q2 + 4EE 0)qq0I(2)J   2q02q2I(5)J g;
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12V Jtt = Cttf[4M2   3(q02 + q2)]qq0I(0)J
+[6q02q2   (q02 + q2)(EE 0 + 3M2)]I(1)J + 2(EE 0 +M2)qq0I(4)J g;
34V Jtt = Cttf (q02 + q2 + 4EE 0)qq0I(0)J   2q02q2I(1)J
+[4q02q2 + (q02 + q2)(EE 0  M2)]I(2)J + 2(EE 0 +M2)qq0I(5)J g;
55V Jtt = CttMfE 0(q02 + q2) + E(3q02   q2)]I(3)J   2(E + E 0)qq0I(6)J g;
66V Jtt = CttMfE 0(q02 + q2) + E(3q02   q2)]I(3)J   2(E + E 0)qq0I(6)J g;
with
Ctt =
f 2v
4
1
8M4
(D.58)
Vector-tensor coupling
0V Jvt = CvtM [(q
2 + q02)I(0)J   2qq0I(1)J ]; (D.59)
1V Jvt = CvtM [ (q02 + q2)I(0)J + 2qq0I(2)J ];
12V Jvt = CvtM [6qq
0I(0)J   3(q02 + q2)I(1)J ];
34V Jvt = CvtM [2qq
0I(0)J   (q02 + q2)I(2)J ];
55V Jvt = Cvt(E
0q2 + 3Eq02)I(3)J ;
66V Jvt = Cvt(E
0q2 + 3Eq02)I(3)J ;
with
Cvt =
gvfv
4
1
2M3
: (D.60)
In actually calculation, we should consider the form factor at each meson-nucleon vertex,
F[(q0   q)2] =

2  m2
2 + (q
0   q)2
n
(D.61)
with m the mass of the meson involved,  the so-called cuto mass ,and n exponent.
Thus, the OBE amplitudes should be multiplied by F2, which means,
1
(q0   q)2 +m2
 ! 1
(q0   q)2 +m2

2  m2
2 + (q
0   q)2
2n
: (D.62)
This equation can be decomposed in numerical calculation as (n = 1),
1
(q0   q)2 +m2
  
2
;2  m2
2;2   2;1
1
(q0   q)2 + 2;1
+
2;1  m2
2;2   2;1
1
(q0   q)2 + 2;2
; (D.63)
with
;1 =  + "; ;2 =    " and "  (D.64)
("  10 MeV is an appropriate choice) before the analytic integration over cos# is done.
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